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Abstract

Quantum information processing has emerged as an enriched research field,
both from theoretical insights and experimental observations, and fueled by
its vast practical applications. This field leverages fundamental principles of
quantum mechanics, such as superposition, entanglement, and measurement
incompatibility to enable novel communication, computation, and cryptography
approaches. Exploiting these uniquely quantum phenomena it enables informa-
tion processing tasks with efficiencies and security levels unattainable within
classical paradigms. This thesis is devoted to the study of various quantum
resources and their application in communication tasks. Firstly, we analyze
the role of shared correlation in enhancing the utility of classical channels in
the most basic communication scenario. With this aim, we propose a class of
two-party communication games and show that the games cannot be won given
a noiseless 1-bit classical channel from the sender to the receiver without any as-
sistance of shared correlation. Interestingly, the goal can be perfectly achieved if
the channel is assisted with classical shared randomness. This resembles a clas-
sical advantage similar to the quantum superdense coding phenomenon where
pre-shared entanglement can enhance the communication utility of a perfect
quantum communication line. Quite surprisingly, we show that a qubit com-
munication without any assistance of classical shared randomness can achieve
the goal and hence establish a unique quantum advantage in the simplest com-
munication scenario. In pursuit of a deeper origin of this advantage, we show
that an advantageous quantum strategy must invoke quantum interference
both at the sender’s encoding step and at the receiver’s decoding step. We also
study the communication utility of a class of non-classical toy systems described
by symmetric polygonal state spaces. We come up with communication tasks
that can be achieved neither with 1-bit of classical communication nor by com-
municating a polygon system, whereas 1-qubit communication yields a perfect
strategy, establishing quantum advantage over them. To this end, we show
that the quantum advantages are robust against imperfect encodings-decodings,
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making the protocols implementable with presently available quantum technolo 
gies. Thereafter, we move on to the communication complexity scenario in a 
prepare and measure setup. We have considered the task of Random Access Code 
(RAC), where the receiver aims to guess different bits of the sender's input string 
based on the received input. Here, we have demonstrated that two extremal 
compositions of local quantum systems, known as maximal composition and min 
imal composition, are more advantageous than standard quantum composition. 
Finally, to harness these advantages in practical applications, we consider the 
certification of these resources benificial in various communication tasks. Specif 
ically, we have considered the semi-device-independent certification of states 
in the maximal composition of local quantum systems, referred to as Beyond 
Quantum States (BQS) in generalized quantum input Bell scenario. Additionally, 
we have also explored the foundational implications of these communication 
advantages. We have also shown that both the extremal compositions of local 
quantum systems are not compatible with the information causality principle. 

Ramkishna Patra 
03l03|2025 
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Chapter 1

General Introduction

1.1 Motivation
The Information Age, which began in the mid-20th century, had a profound im-
pact on our modern civilization. It has brought about an efficient and economical
shift in traditional industries that were developed during the 17th century’s
Industrial Revolution, primarily based upon information technology. Claude
Shannon laid the groundwork for information theory in his seminal work "A
Mathematical Theory of Communication" in 1948 [1]. His work has formed
the basis for all present-day communication tasks. Before Shannon, Harry
Nyquist [2] and Ralph Hartley [3] also made significant contributions to the
field. Shannon was the first to quantify the amount of information in terms of
"bits" by defining entropy as a measure of uncertainty of a random variable. The
operational meaning of this entropy was provided by the source coding theorem,
which sets the limit on the optimal data compression of Independent Identically
Distributed (IID) sources [1]. In the noisy channel coding theorem, he also set
limits on the rate of reliable information transmission using noisy channels [1].
However, in all his work, the physical systems and channels are considered to be
classical.

John Von Neumann introduced the concept of entropy for quantum systems in
1932 [4], predating Shannon’s work. Quantum entropy is an extension of Gibbs
entropy from classical statistical mechanics to quantum statistical mechanics.
Benjamin Schumacher first established the limit on compressing information
of quantum systems (QI) in a smaller number of systems [5]. This Schumacher
compression theorem, a quantum counterpart of Shannon’s Source coding theo-
rem, laid the foundation of quantum information theory. Over time, as demand
increased, all classical information processing and communication tasks have
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been transformed into their quantum information processing counterparts. It
has been demonstrated that quantum resources are more advantageous than
classical resources in various information-processing tasks. Moreover, the exis-
tence of communication tasks that are achievable in quantum theory but have
no analog in classical theory, was discovered, such as Quantum Key Distribution
[6], Super Dense Coding [7], Quantum Teleportation [8], and Random number
generation [9], certification, and amplification [10, 11]. These advantages are
driven by quantum superposition, coherence, steering, and entanglement. The
concept of entanglement arises from the tensor product structure of quantum
mechanics, where the composite system cannot be separated into individual sub-
systems. The term "Entanglement" was first coined by Schrödinger to explain
spatially separated correlated systems [12]. Later, Einstein, Podolsky, and Rosen
have shown that the existence of entanglement leads to the incompleteness of
quantum mechanics using the Local-realism hypothesis, known as the EPR para-
dox [13]. The term "Steering" was also introduced by Schrödinger to describe the
nonclassical feature of quantum entanglement, where the measurement choice
on one particle can affect the state of another spatially separated particle [12].

In 1964, John Bell provided a mathematical formulation to the philosophical
debate of the EPR paradox by introducing mathematical inequalities known as
Bell inequalities [14, 15]. These inequalities are satisfied by any local-realistic
theory. It has been demonstrated that quantum mechanics violates this inequal-
ity, indicating that quantum mechanics cannot be explained by local hidden
variable models, meaning that quantum mechanics is "nonlocal". Several exper-
iments have shown the violation of Bell inequality, pointing to the nonlocality
of nature [16–18]. All Nonlocal correlations have been shown to offer advan-
tages in communication complexity tasks [19, 20]. However, understanding the
role of entanglement in communication complexity is challenging, as it does
not straightforwardly follow from nonlocality due to their complex relationship.
Werner has shown that entanglement is a necessary criterion for nonlocality, but
it is not sufficient [21]. The hierarchy among Bell nonlocality, EPR steering, and
entanglement has also been explored, revealing a strict ordering among them,
with EPR steering lying between the other two [22].

Though entanglement and nonlocal correlation are advantageous in various
communication tasks, the classical capacity of a quantum system without any
assistance of entanglement and nonlocal correlation is bounded. The bound on
the rate of classical information that can be transmitted using a quantum system
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was given by the Holevo theorem [23] later generalized by Frenkel Weiner [24],
which says that any utility of N level quantum system is same as N level classical
system. Even with this no-go theorem, assistance quantum entanglement and
nonlocality lead to tremendous advantages in quantum communication and
quantum information processing. In 1970, Bennett et. al. showed that assistance
of no signaling quantum entanglement can double the classical capacity of the
quantum bit [7]. The bound of the Holevo theorem is applicable in the basic
communication scenario where the sender (Alice) is receiving a classical random
variable x ∈ X and Bob outputs an m bit string b ∈ B and according to the
correlation P(b|x) generated by Alice and Bob referee gives them some payoff
β : P(B|X )→ R. In this scenario, a qubit is no longer advantageous over cbit,
considering Shared Randomness as a Free resource [23, 24]. But considering
Shared Randomness (SR) as free resources, one loses the importance and utility
of Shared Randomness in different communication tasks. This thesis aims to
discover the advantages of shared randomness in different communication tasks
by considering SR as a costly resource.

In another communication scenario, both Alice and Bob receive classical
random variables x ∈ X and y ∈ Y , and Bob aims to calculate a function of
the input bit, denoted as f (x,y). Quantum resources have been shown to be
more advantageous than classical resources in this Communication Complexity
scenario, as demonstrated in Quantum Random Access Code (QRAC) [25, 26],
GHZ game [27], and other examples. It’s interesting to explore the source of these
advantages, which leads to the study of Generalized Probability Theory (GPT)
[28] and its role in communication complexity [29]. Studies have shown that Box
World, a class of GPT, can provide an unbounded advantage by simplifying any
communication complexity problem [19]. In this thesis, we aim to explore the
benefits of different compositions of local quantum systems, including Beyond
Quantum Systems (BQS) in communication complexity scenarios.

To utilize these communication advantages in real life we should be able to
certify the resources. Device-independent and semi-device-independent certifica-
tion of quantum entanglement and nonlocality is a well-established field [30, 31].
We also aim to certify different advantageous resources to harness their utility
in real-life applications. Communication tasks not only help us to reveal the
supremacy of quantum systems over classical systems, but they also give us a
deeper understanding of nature, which leads to different physical principles of
nature i.e. Nontrivial Communication complexity [19], Information Causality
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[32]. We are also exploring the foundational implications of communication
advantages of Beyond Quantum Systems (BQS).

1.2 Postulates of Quantum Theory
In the early 20th century, phenomena such as black-body radiation, the photo-
electric effect, and Compton scattering, among others, could not be adequately ex-
plained using the classical physics theories of the time. To account for these exper-
imental results in a consistent manner, a new theoretical framework—quantum
mechanics (QM)—was developed. Quantum mechanics, as an operational theory,
is built around three core principles: 1) the preparation of a quantum state, 2)
the transformation of that state, and 3) the measurement of the state. Like
other operational theories, QM is defined by a set of foundational postulates that
govern these processes.

Postulate 1 : State

Every quantum mechanical system S is associated with a separable complex
Hilbert space HS. The system is completely described by its ‘density operator’,
which is a positive operator ρ with trace one acting on the system’s state space.

The simplest quantum mechanical system is of Hilbert dimension two - called
a qubit. A qubit can be the polarization degree of freedom of a single photon or
spin degree of freedom of a spin-1

2 particle. The set of all positive, trace one, self-
adjoint linear operators D(HS) acting on HS is the state space for this system.
Therefore the state space consists of elements ρ which satisfies the following
conditions, (i) ρ ≥ 0, (ii) Tr(ρ) = 1 and (iii) ρ = ρ†. Such a set is a convex-compact
subset of the space of linear operators acting on HS. The set of density operators
can be classified into two types : Pure states and Mixed states.

Pure state: A state ρ ∈ D(HS) is said to be a pure state if it cannot be
decomposed as a convex mixture of other states in D(HS). The one-rank projec-
tion operators |ψ⟩⟨ψ| ∈ D(HS) correspond to pure states, where |ψ⟩ is a vector
of unit norm in HS. Therefore, pure states are often denoted as a unit vector
|ψ⟩ ∈ HS. Pure state ρ also satisfies the criteria ρ2 = ρ . This implies Tr(ρ2) = 1 if
ρ corresponds to a pure state.

Mixed state: Mixed states are nothing but a classical statistical mixture
of pure states. If a physical system is in a classical mixture of pure state |ψi⟩
with probability pi, then it can be written as ρ = ∑i pi|ψi⟩⟨ψi|. Unlike pure state
Tr(ρ2) < 1 for mixed states. It is important to note that a particular mixed
state does not have a unique decomposition in terms of pure states, it can have
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infinitely many decompositions. For example a pure state ρ can be decomposed
as ρ = ∑m pm |ψm⟩⟨ψm| = ∑n qn |φn⟩⟨φn| where {pm} and {qn} are probabilities i.e.,
pm ≥ 0,qn ≥ 0 and ∑m pm = ∑n qn = 1.

Postulate 2 : Measurement

Quantum measurements are represented by a set of operators Mk acting on the
system’s Hilbert space, which satisfies the completeness condition: ∑k M†

k Mk = I.
The probability that kth outcome will occur if a measurement M associated with
the collection of operators {Mk} is performed on a system prepared in some state
ρ, is given by

p(k |ρ,M) = Tr(M†
k Mk ρ)

and the post-measurement state conditioned that the kth outcome has occurred, is
given by

ρk =
MkρM†

k

Tr(M†
k Mkρ)

Projective measurement: Projective measurement, P (von Neumann mea-
surement), is a special class of quantum measurement consisting of a set of mu-
tually orthogonal projectors satisfying the completeness relation, P ≡ {Pm|PmPm′ =

δm,m′Pm, ∑m Pm = I}. For example, a projective operator can be described as
a Hermitian operator M having spectral decomposition as M = ∑m mPm where
Pm is the orthogonal projector of observable M associated with the eigenvalue
m. The average value of the observable M for a given state ρ is given by
⟨M⟩ρ = ∑m mP(m|ρ) = Tr(Mρ).

POVM: The ‘positive-operator-valued-measure’, abbreviated as POVM, rep-
resents the more general kind of quantum measurements that can be performed
on a system. A POVM is defined as a collection of positive operators {Ei}, where
∑i Ei = I. The POVM elements Ei are often referred to as effects. If a POVM {Ei}
is measured on a system prepared in state ρ, the probability of clicking the i th

outcome is given by p(i) = Tr[ρEi]. To fit the POVM formalism in the general
measurement framework, one can simply consider a collection of measurement
operators {Mi} as Mi = Ui

√
Ei, such that Ei = M†

i Mi. However, for a particular
POVM measurement, the choice of measurement operators {Mi} is not unique
[33]. Importantly, every POVM can be visualized as a projective measurement
in a larger dimensional Hilbert space.
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Postulate 3 : Dynamics

The time evolution of a closed quantum system is described by a unitary trans-
formation. If the state of the system evolves from ρ(t0) at time t0 to the state ρ(t1)
at time t1(> t0), then ρ(t1) is related to ρ(t0) by a unitary operator U(t0, t1) which
depends only on the times t0 and t1, i.e.,

ρ(t1) =U(t0, t1)ρ(t0)U(t0, t1)†

This discrete-time description of quantum state evolution using unitary oper-
ators can be obtained from the continuous time description of the Schrödinger
equation.

iℏ
d |ψ⟩

dt
= H |ψ⟩

Here H is the Hamiltonian operator associated with the closed system and
ℏ is the Planck’s constant. From the above equation, the unitary operation
corresponding to the evolution of a quantum state from |ψ0⟩ at time t0 to the
state |ψ1⟩ at time t1 is given by

U(t0, t1) = exp[
−iH(t1 − t0)

ℏ
].

Postulate 4 : Composite System

The Hilbert space associated with a composite quantum system is the tensor
product of the Hilbert spaces associated with its component quantum systems.
i.e.,

H1,2,··· ,n = H1 ⊗H2 ⊗ ...⊗Hn

An n-partite composite quantum state is a density operator ρ1,2,··· ,n belonging in
D(H1,2,··· ,n), where H1,2,··· ,n = H1 ⊗H2 ⊗ ...⊗Hn =

⊗n
i=1 Hi. If a composite state

ρ1,2,··· ,n ∈ D(
⊗n

i=1 Hi) is of the form ρ1,2,··· ,n = ρ1 ⊗ ρ2 ⊗ ·· ·⊗ ρn, with ρi ∈ D(Hi),
then the state is called a product state. Convex combinations of such product
states are called separable states i.e.

ρ
Sep
A1,··· ,An

= ∑
λ

pλ ρ
λ
A1
⊗·· ·⊗ρ

λ
AN

(1.1)

If sep(HA ⊗HB) denotes the set of separable states, composite states that do not
belong to sep(HA ⊗HB) are called entangled states. That is, if ρAB ∈ D(HA ⊗HB)
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is entangled, then it cannot be expressed as a convex combination of product
states i.e. in the form of 1.1.

Necessary and sufficient criteria for detecting entanglement in a qubit-
qubit system (C2 ⊗C2) and qubit-qutrit system (C2 ⊗C3) is given bt Peres and
Horodechki Positive Partial Transpose (PPT) criteria [34, 35]. This condition
states that the state ρAB is entangled if and only if ρ

TA
AB i.e. the partial transpose

of ρAB has at least one negative eigenvalue.

1.3 Qubit : Elementary Quantum System
The simplest and basic example of quantum systems corresponds to a spin 1/2
particle, also known as a qubit. The Hilbert space associated with a qubit is
C2 i.e. two-dimensional complex Hilbert space. The state space of a qubit has
a simple and elegant geometric structure. In this section, we will look at the
geometry of the qubit state space and then move on to a system of two qubits.

1.3.1 Geometry of Qubit State Space

The state space of a single qubit is the set of all density operators on Hilbert
space C2. Therefore it is a convex subset of the space of Hermitian operators
Herm(C2), which is a four-dimensional vector space. One basis set for Herm(C2)

is given by the two dimensional identity matrix and the three Pauli operators as
follows:

I=

(
1 0
0 1

)
; σx =

(
0 1
1 0

)
; σy =

(
0 −i
i 0

)
; σz =

(
1 0
0 −1

)
.

Any qubit state ρ can be written as a linear combination of this basis set as
the following : ρ = (c0I+ c1σx + c2σy + c3σz), where ci ∈ C ∀ i. By putting the
conditions to be a valid density operator, we obtain that an arbitrary qubit state
can be written as

ρ =
1
2
(I+nxσx +nyσy +nzσz) =

1
2
(I+ n⃗.⃗σ), (1.2)

where n⃗ ≡ (nx,ny,nz) is a real vector in R3 with |⃗n| ≤ 1. This vector is called the
Bloch vector for the state ρ. Here n⃗.⃗σ ≡ nxσx + nyσy + nzσz and σ⃗ ≡ (σx,σy,σz).
This representation of an arbitrary qubit state has an elegant geometrical in-
terpretation. Each ρ is in a one to one correspondence with its Bloch vector
(nx,ny,nz), which satisfies |⃗n| ≤ 1, where the equality holds only for pure states.
All the points inside the sphere correspond to mixed qubit states. A pure state
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|ψ⟩, located on the surface of the sphere at the (θ ,φ) point (where 0 ≤ θ ≤ π and
0 ≤ φ ≤ 2π) on the surface of the Bloch sphere (see fig.1.1), can be expressed as

|ψ⟩= cos
θ

2
|0⟩+ eiφ sin

θ

2
|1⟩ . (1.3)

Here θ is the polar angle from Z axis, and φ is the azimuthal angle from X axis.

FIG. 1.1 The positions of a pure and a mixed state on the Bloch sphere are shown.
Points corresponding to pure states are situated on the surface of the Bloch
sphere. The angles θ and φ stand for the usual polar and azimuthal angles
respectively. The center points correspond to the Maximally mixed state I/2.

1.3.2 Two-Qubit System and Entanglement

Let us consider the simplest example of the composite system corresponding
to two spin 1/2 particle i.e. two-qubit systems. The Hilbert space associated
with this composite system is C2 ⊗C2. Now let us consider the following state in
C2 ⊗C2

|ψ⟩AB =
1√
2
(|0⟩A ⊗|1⟩B −|1⟩A ⊗|0⟩B)

where {|0⟩A ⊗ |0⟩B , |0⟩A ⊗ |1⟩B , |1⟩A ⊗ |0⟩B , |1⟩A ⊗ |1⟩B} are the orthonormal basis
of the composite Hilbert space C2 ⊗C2. Interestingly, this state cannot be de-
composed in the form of eq.1.1, which implies |ψ⟩AB is an entangled state. Any
arbitrary two-qubit state ρAB ∈ D(C2 ⊗C2) can be written in the Hilbert-Schmidt
representation as following

ρAB =
1
4

(
IA ⊗ IB + r̂.⃗σA ⊗ IB + IA ⊗ ŝ.⃗σB +

3

∑
i, j=1

ti jσiA ⊗σ jB

)
(1.4)

Here I is the identity operator, σi are the Pauli operators acting on C2 and r̂, ŝ∈R3

with m̂.⃗σ = ∑i miσi. r̂ and ŝ are the block vector of respective subsystems and
ti j = Tr((σiA ⊗σ jB)ρAB) are the elements of the correlation matrix T . Also, for ρAB
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to be a valid density operator, the following conditions must hold:

|r̂|2 + |ŝ|2 +
3

∑
i, j=1

t2
i j ≤ 3. (1.5)

Subsystem of a Composite System: If we know the state of a composite
system, we can determine the marginal state of any of its subsystems. Suppose
ρAB is the density operator of a bipartite system of two subsystems, say A and B.
The reduced density operator for subsystem A is defined by

ρA ≡ TrB[ρAB]

where TrB is known as partial trace over subsystem B, which is a linear map
from D(HA ⊗HB) to D(HA). Using the above definition, it is easy to find that
the marginal quantum states of both the subsystems in the composite state
|ψ⟩AB = 1√

2
(|0⟩A ⊗|1⟩B −|1⟩A ⊗|0⟩B) is I

2 , which is the maximally mixed state of a
qubit.

1.4 Information Theory
Information theory is the study of quantification, storage, and transmission of
information in terms of different physical systems. Entropy is a crucial element
of information theory, which measures the amount of uncertainty in any physical
system. Information can be stored and transferred using any physical system,
e.g. classical system, quantum system, etc.

1.4.1 Classical Information and Entropy

Entropy captures the notion of how much information we gain in learning the
value of a random variable X . The entropy of a random variable is defined as a
function of the probabilities of different values and is independent of the labels
used for those values. Let the outcome xi ∈ X occur with probability Pi, then the
Shannon entropy of the random variable is given by

H(X )≡−
N

∑
i=1

Pi log2 Pi (1.6)

where N is the cardinality of X . It can be seen from the definition that Shannon
entropy (H(X )) is a concave function i.e. H(λX +(1−λ )Y ) ≥ λH(X )+ (1−
λ )H(Y ). In the case of a binary system i.e. N = 2 the entropy reaches the
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maximal value H(X ) = 1 for the output probability distribution (1
2 ,

1
2). It implies

that 1 bit of information is needed to convey the outcome of a completely random
binary system, e.g. unbiased two-face coin. Moreover, this Shannon entropy has
a great implication for the Source Coding Theorem.

Source Coding Theorem: Let an N letter asymptotic message be encrypted
by the letters {xi}N

i=1 following independent identical probability distribution
(i.i.d) {Pi}N

i=1. There always exists a most suitable scheme for coding that takes
on an average H(X ) bit/letter [1].

The joint probability distribution of two random variables X and Y is given
by P(x,y) where, x ∈ X and y ∈ Y . Their joint entropy is given by

H(X ,Y )≡
|X |

∑
i=1

|Y |

∑
j=1

−P(xi,y j) log2 P(xi,y j). (1.7)

If there exists a correlation between the random variables X and Y , then
the global uncertainty is strictly less than the summation of individual uncer-
tainty i.e. H(X ,Y )< H(X )+H(Y ). The correlation of two random variables is
captured by the mutual information, which is defined as

I(X : Y ) = H(X )+H(Y )−H(X ,Y ).

For instance, if we consider a six face dice D = {1,2,3,4,5,6} and a two out-
come coin C = {H,T} with a joint distribution such that the joint outcomes
{1H,2H,3H,4T,5T,6T} occur with probability 1

6 . It is clear from the above defi-
nition of mutual information that I(D : C ) = 1, which implies that knowing the
outcome of one random variable will reveal 1-bit information about the other vari-
able. Moreover, this mutual information has huge implications for the channel
coding theorem [1].

Channel Coding Theorem: In an N letter message where N is asymptoti-
cally large, encrypted with the letters in X = {xi}|X |

i=1 (X is a random variable)
following independent and identical probability distribution {Pi}|X |

i=1 passing
through a noisy channel N and becomes {yi}|Y |

i=1 ∈ Y (Y is a random variable)
following independent and identical probability distribution {Pi}|Y |

i=1. Then, there
exists a reliable coding scheme that must be optimal to compress the message in
I(X : Y) bits/letter [1].
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1.4.2 Quantum Information and Entropy

The concept of entropy for quantum systems was given by Von Neumann in 1932,
much before Shannon, in an attempt to build a connection with statistical or
thermodynamical entropy. As mentioned earlier, quantum systems are described
by a density operator, and von Neumann entropy is a well-defined function on
it. Suppose a state ρ is prepared, then the entropy associated with that state is
given by

S(ρ) =−Tr{ρ logρ}.

This quantum entropy is connected with the eigenvalue of the density operator
ρ for instance, consider the density operator ρ with the following spectral decom-
position ρ = ∑i Pi|i⟩⟨i|. The quantum entropy S(ρ) =−Tr{ρ logρ} of the system ρ

is same as the classical Shannon entropy H(P). In case of pure state, the entropy
vanishes and it reaches the maximum for maximally mixed states. The entropy
remains invariant under unitary operation i.e. S(ρ) = S(UρU†) and also shows
concavity property i.e. S(∑i Piρi)≥ ∑i PiS(ρi).

The von Neumann entropy plays a significant role in quantum information
theory, similar to the role of classical entropy in the classical source coding
theorem. In 1995, Benjamin Schumacher provided a key interpretation of
quantum entropy, viewing it as the rate of data compression when information
is encoded in a quantum system’s ensemble. This concept is encapsulated in the
quantum noiseless coding theorem, which is stated as follows:

Quantum Noiseless Coding Theorem: Given a quantum ensemble {|Ψi⟩}|X |
i=1

for an n-letter quantum message (with n → ∞) and corresponding probabili-
ties {pi}|X |

i=1 , there exists an optimal coding scheme that compresses the infor-
mation to S(ρ) bits per letter while maintaining reliable transmission. Here,
ρ = ∑i pi|Ψi⟩⟨Ψi| is the density matrix of the ensemble [5].

Quantum noiseless coding theorem gives a lower bound on the amount of
quantum system required for reliable transformation of quantum messages
from Alice to Bob. But the most fundamental quantity in information theory is
the amount of mutual information H(X : Y ) achieved by sending any physical
system, where X and Y are Alice and Bob’s Random variable respectively.
Holevo gave the bound on maximal mutual information for a fixed encoding of
Alice using quantum systems.

Holevo Bound: Suppose Alice prepare a state ρX where X = {1,2, · · · ,n}
with probabilities p1, p2, · · · , pn. Bob performs a measurement described by POVM
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elements {Ey}m
y=1 on the state with measurement outcome Y . The Holevo bound

states that for any such measurement, Bob may do

H(X : Y )≤ S(ρ)−∑
x

pxS(ρx) (1.8)

where ρ = ∑x pxρx. It implies that 1 qbit cannot be used to send more than 1-cbit
information [23].

1.5 Quantum correlation
Quantum correlations are explored from various angles, starting from nonlo-
cality, device-independent certification, and communication complexity, with
nonlocality being a central focus. In the context of nonlocality, quantum corre-
lations are often treated in a device-independent manner. This approach views
quantum correlations as the set of input-output statistics obtained from local
measurements on a bipartite quantum system, which we will focus on for now.
These input-output statistics are denoted by P(ab|xy) = Tr

[
(Ea

x ⊗Eb
y )ρAB

]
, where

Ea
x and Eb

y represent the POVM (Positive Operator-Valued Measure) elements
corresponding to the measurement outcomes and ρAB is the shared quantum
state between the two parties.

1.5.1 Bell Nonlocality of Quantum correlation

In the most general Bell theorem, two particles are with two parties separated in
distant labs (say Alice and Bob) and they receive some random classical variable
x and y respectively. They perform some measurements on their particle based on
the classical input x and y yielding the output a and b respectively. Bell showed
that under Locality and reality assumption, the joint probability factorize is as
follows

P(ab|xy) = ∑
λ

P(λ )P(a|x,λ )P(b|y,λ ) (1.9)

In the special case of Bell-CHSH inequality, each party has two measurement
choices with dichotomic outcome i.e. x,y ∈ {0,1} and a,b ∈ {−1,+1}. The Bell-
CHSH inequality is given by

BCHSH = |⟨A0B0⟩+ ⟨A0B1⟩+ ⟨A1B0⟩−⟨A1B1⟩|
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where ⟨AiB j⟩= ∑a,b abP(ab|x = i,y = j) is expectation value of the measurements.
It is easy to check that for any local-Realistic theory

BCHSH ≤ 2.

Quantum mechanics violates this bound i.e. there exists quantum state and
measurements on Alice and Bob’s side, which will violate the above inequality.
For instance, consider the state |ψ⟩AB = 1√

2
(|0⟩A |1⟩B −|1⟩A |0⟩B) shared between

Alice and Bob and take A0 = σz, A1 = σx, B0 =
σz+σx√

2
and B1 =

σz−σx√
2

. Using Born
rule the value of the Bell-CHSH expression becomes 2

√
2. Later, Tirelson proved

that the maximal violation of Bell-CHSH in quantum is 2
√

2 [36]. Bell’s theorem
is a profound discovery with a deeper implication on the philosophy of nature.

1.5.2 Nosignaling principle and quantum correlation

Quantum correlations exhibit nonlocality but cannot be exploited for faster-than-
light communication. To understand this from a general perspective, consider
a scenario where Alice and Bob are spatially separated, sharing a bipartite
quantum state ρAB. The marginal density matrix on Bob’s side is given by
ρB = TrA ρAB. Now, if Alice performs a local operation (such as a measurement)
EA on her part of the system, the joint state ρAB will evolve to

ρ
′
AB = (EA ⊗ IB)ρAB = (Mk ⊗ I)ρAB(M

†
k ⊗ I)

Where, Mk are the Kraus operator of EA satisfying ∑k M†
k Mk = I. After Alice’s

operation, the state of Bob’s subsystem becomes ρ ′
B = ρB. This implies the

reduced density matrix on Bob’s side remains unchanged, and no local operation
by Alice can alter Bob’s subsystem. This ensures that quantum mechanics
preserves the no-signaling principle, forbidding superluminal communication.

Let us consider the most general scenario where two separated parties, Alice
and Bob, receive random classical variables x and y yielding the output a and
b respectively. The correlation will be no-signaling if it follows the following
conditions

∑
a

P(a,b|x,y) =∑
a

P(a,b|x′,y) ∀b,x,x′,y [Alice to Bob NS]

∑
b

P(a,b|x,y) =∑
b

P(a,b|x,y′) ∀a,x,y,y′ [Bob to Alice NS]



14 | General Introduction

In their pioneering work, Popescu and Rohrlich showed that the no-signaling
principle alone is insufficient to fully characterize the set of quantum correla-
tions [37]. In fact, they have given an example of bipartite correlations that,
while satisfying the no-signaling principle, cannot be realized within quantum
mechanics. This type of super-quantum, no-signaling correlation is known as the
Popescu-Rohrlich (PR) box. The PR-box is a bipartite no-signaling probability
distribution with binary inputs and outputs for both parties

P(a,b|x,y) = 1
2

δa⊕b,xy.

Although the PR-box correlation respects the no-signaling principle, it is not
quantum realizable because its Bell-CHSH value reaches the algebraic maximum
of 4, thereby exceeding Cirel’son’s bound. The existence of such super-quantum,
nonlocal correlations that adhere to the no-signaling principle highlights that
the set of quantum correlations cannot be derived solely from the no-signaling
condition.

1.6 A Brief Outline of the Thesis
In this chapter, we explained the basic ideas and core concepts of quantum
mechanics, providing the necessary background for the upcoming chapters. We
began by discussing the postulates of quantum theory and used a qubit, the
simplest quantum system, as an example to explore some non-classical aspects of
quantum correlations. Additionally, we delved into the concept of entropy and its
significance in classical and quantum information theory. In the next chapters,
we will focus more on various resources and their importance in enhancing the
utilities of various communication tasks. The layout of the thesis is as follows:

Chapter 2: In this chapter, we explore the resources that can enhance the
utility of various communication tasks and divide them into two categories. Addi-
tionally, we examine different types of scenarios related to these communication
tasks and how the resources apply in each context.

Chapter 3: Here we mainly focus on the most basic communication scenario
known as HFW scenario (Sec. 2.3.1) and explore the role of classical shared
randomness in enhancing the utility of classical communication channels by
considering a class of two-party games. Additionally, we have also explored the
effectiveness of quantum communication as well as some toy theories in this
communication task. Our study also covers the noise robustness of quantum
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encoding and decoding protocols. This chapter is based on our published work
[38].

Chapter 4: In this chapter, we are exploring another communication scenario
in prepare and measure set-up, also known as the W-ANTV scenario. We have
considered the quantum random access code with different compositions of local
quantum systems. We have shown that the maximal and minimal composition
of local quantum systems are advantageous over quantum composition in some
communication task. This chapter is based on our published work [39].

Chapter 5: To harness the communication advantages in real life, we should
be able to be certain about the existence of the advantageous resources. In this
chapter, we will focus on certifying the maximal composition of local quantum
system in a semi-device independent manner. Additionally, we are also studying
the foundation implication of these communication resources. This chapter is
based on our published works [39, 40].

Chapter 6: In this chapter, we conclude the Thesis by summarizing the
findings and discussing possible future directions.





Chapter 2

Effective Resources for different
Communication Scenario

2.1 Motivation
In a most general task, either Alice, Bob, or both receive some input, and either
one or both provide some output. The referee will declare the payoff for all
possible input-output statistics before the game starts. Alice and Bob’s aim is
to optimize the payoff collectively. Alice and Bob can utilize many resources
to maximize their Payoff. These resources can be broadly divided into two
categories: the common past resources and the direct communication resources.
The payoff will be different based on the availability of other resources belonging
to various categories. Depending on the inputs and outputs of Alice and Bob
the communication task can be divided into three scenarios i.e. Holevo Frenkel
Weiner (HFW) scenario, RAC scenario, and Bell scenario. In the next sections,
we will discuss the various properties of these resources and their importance in
different communication scenarios.

2.2 Types of resources
The resources available to Alice and Bob can be classified into two broad cate-
gories.

2.2.1 Type-1 (Common-past resources)

Alice and Bob meet in their common past before the game starts and share some
correlated systems, as these resources are generated in the common past of
Alice and Bob they are termed as common past resources. They may use these
resources later to optimize their payoff (see Fig.2.1a) though these resources do
not have any communication utility i.e. they cannot be used to send information.
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In literature, generally, three different kinds of common past resources are
considered:

(CP-1) Classical Shared Randomness: Alice and Bob can meet at their common
past and create classical correlation such that both Alice and Bob receive
the same classical variable λ with probability µ(λ ). This can be thought of
as performing computational basis measurement on the state

|Ψ⟩AB =
k−1

∑
λ=0

µ(λ ) |λ ⟩A ⟨λ |⊗ |λ ⟩B ⟨λ |

The mutual information between Alice and Bob can quantify the amount of
shared randomness.

(CP-2) Quantum entanglement: As defined earlier in Eq.1.1 any state ρAB ∈
D
(
Cd1 ⊗Cd2

)
which cannot be decomposed as convex combination of product

states are entangled. So entangled states are defined as the negation of
separable states i.e.

ρ
ent
AB ̸=

k−1

∑
λ=0

µ(λ )ρλ
A ⊗ρ

λ
B .

Entangled states can yield puzzling ‘nonlocal’ correlations which cannot
be obtained from classical shared randomness [41]. In the case of bipartite
pure state von Neumann entropy of the reduced state is a measure of
entanglement.

(CP-3) Beyond quantum nonlocal correlations: Alice and Bob can create any
nosignaling correlation in their common past e.g. Popescu-Rohrlich(PR)
correlation [37]. The PR correlation is given by

P(a,b|x,y) = 1
2

,a⊕b = xy

= 0 ,otherwise

where a,b,x,y ∈ {0,1}. The nonlocality of any nosignaling correlation can
be measured by the amount of violation of some suitable bell inequality.
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(A) Common past resources (Type-1) (B) Direct communication re-
source (Type-2)

(C) Combination of Direct and Common
past resources

FIG. 2.1 Causal structure of different communication resources. (a) The Shaded region
is in the common past of both Alice and Bob. They can create some correlated
system like shared randomness, entanglement, etc, which can be used later
however their communication capacity is zero. These are known as Common
past resources (Type-1). (b) Alice is in the causal past of Bob, Alice sends some
physical systems (e.g., classical bits, quantum bits, etc.), and Bob receives them
at a later time. These are known as Direct communication resource(Type-2)
and all of them has some nonzero communication capacity. (c) This represents
the combination of the two scenarios mentioned earlier. In the beginning, they
establish a shared resource (Type-1) in their common past. Then Alice sends
a physical system (Type-2) that is received by Bob in his subsequent causal
future.

2.2.2 Type-2 (Direct-communication resources)

Alice takes some physical system and encodes her message in different states of
the system (see Fig.2.1b). She then sends the system to Bob, who may perform
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some measurements to obtain an outcome and optimize the required payoff
accordingly. Here we will only consider the scenarios where the physical systems
can be sent perfectly without any disturbance from Alice to Bob. Depending
on the type of the physical system the direct communication resources can be
divided into the following three categories

(DC-1) Classical Communication: Alice encodes her inputs into different clas-
sical systems and send them to Bob. This encoded classical system could
be N distingushable object i.e. N different coloured balls or N different
symbols. The state space of N dimensonal classical systems is described
by simplex with N extreme points. log2 N bits of information can be sent by
encoding in N different classical systems.

(DC-2) Quantum Communication: In case of quantum communication Alice
encodes the inputs in quantum systems (Sec. 1.3). The state space of
quantum systems is given by D(Cd). Alice can encode the inputs in a
superposition state in quantum communication. Despite the availability of
infinite choice of encoding and decoding the total amount of information is
bounded to log2 N in N dimensional quantum communication.

(DC-3) Generalized Communication: In generalised communication Alice can
encodes the inputs in hypothetical systems of generalised probability theory
(GPT). This hypothetical system has a convex state space in RN [28], e.g.
polygon systems [42]. Operational dimension of a GPT is defined as the
maximal cardinality of set of states which are perfectly distingushable by
a single measurement. Encoding the inputs in a GPT with measurement
dimension N Alice can send log2 N bits of information to Bob.

However, one can consider a communication scenario where both Type-1 and
Type-2 resources are used together. The diagram (see Fig.2.1c) above depicts
the causal structure of both Direct communication resources and Common past
resources when used in combination.

2.3 All the variant of communication task
In any communication task, different parties receive inputs from the referee, and,
as a result, some or all of them have to provide an outcome. The communication
scenario varies depending on which party is receiving input and providing output.
In the following, we will explain the different communication scenarios in detail.
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2.3.1 Holevo Frenkel Weiner Scenario

This is the most basic scenario involving two-party communication. Although the
study of communication using classical systems within this scenario originally
started in the seminal work of Shannon [1], in the quantum domain it was intro-
duced by Holevo (H) to understand the limitations of information transmission
by a quantum channel [23]. More recently, Frenkel & Weiner (FW) have proposed
a generalization of this framework [24]. Suppose, Alice and Bob are two distant
parties. A Referee provides Alice some classical random variable x ∈ X , while
Bob needs to generate some classical random variable b ∈ B and return it to the
Referee, according to the correlation P(b|x) generated by Alice and Bob refree
gives them some payoff β : P(B|X )→ R (see Fig.2.2). The payoff can be defined
on a set of correlations satisfying some constrain or on the achievability of some
particular correlation.

While none of the Type-1 resources has communication utility on their own
in the H-FW scenario, to create a resource of the kind CP-1 Alice and Bob must
communicate with each other if they do not meet in their common past. On
the other hand, the effects of the resource of kind CP-2 can be simulated with
sufficient classical communication between Alice and Bob [43]. However, the
resource of the kind CP-2, i.e. quantum entanglement, cannot be created with
local operations and classical communication (LOCC) between Alice and Bob
[41]. They can only possess it by preparing it in their common past or if some
third agent gives it.

FIG. 2.2 Holevo-Frenkel-Weiner (H-FW) communication scenario. Only Alice is given
some classical input x ∈ X , while only Bob has to generate a classical output
b ∈B. Two different types of resources - Type-1 and Type-2 - might be utilized
to optimize the targeted payoff β : P(B|X )→ R.
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Although Type-1 resources have zero communication utility, they can en-
hance the communication utility of the Type-2 resources. The seminal example
is the ‘quantum superdense coding’ protocol, which shows that preshared entan-
glement between Alice and Bob can double the classical communication capacity
of a perfect quantum channel [7] (see [44–46] for experimental implementations
of the protocol). Later, it was shown that entanglement can increase the classical
capacity of some noisy quantum channels by an arbitrarily large constant factor
over their best-known classical capacity achievable without entanglement [47].
Very recently, it has been shown that entanglement can also enhance the commu-
nication utility of a perfect classical channel [48, 49], within this H-FW scenario.
Furthermore, the assistance of post-quantum correlation in this case turns out
to be more useful than quantum entanglement. Here we note that the success
probability of the game proposed in [49] with the resource of 1 bit of classical
communication along with some generic no signaling (NS) correlation scales
linearly with the famous Clauser-Horne-Shimony-Holt (CHSH) expression [50].

In this H-FW communication scenario, the celebrated no-go result by Holevo
limits the information capacity of an n-level quantum system by the optimal
value achievable with an n-level classical system [23]. While in Holevo’s theo-
rem the utility is calculated through an entropic quantity, namely the mutual
information I(X : B) between Alice’s input random variable and Bob’s output
random variable, Frenkel & Weiner evaluate how successfully Alice and Bob
can manage to store and recover the value of x ∈ X by requiring Bob to specify
a value b ∈ B and giving a generic reward of value f (x,b) to them. They have
shown that whatever the probability distribution of x and the reward function
f are, when using a quantum n-level system, the maximum expected reward
obtainable with the best possible team strategy is equal to that obtainable with
the use of a classical n-level system [24]. Furthermore, like Shannon’s Noisy
Channel Coding Theorem, Holevo’s theorem captures the channel’s capacity
of reliable transmission rate in the asymptotic limit, while with a single use
of the channel, things can go differently. Therefore, the result of Frenkel &
Weiner should be seen as an independent no-go theorem while evaluating the
communication utility of a quantum system.

It is important to note that Frenkel & Weiner, while deriving their no-go
result, consider classical shared randomness (CP-1 resource of Type-1) as free,
i.e. Alice and Bob can have arbitrary amount of shared randomness in their
possession. We have already seen that CP-2 and CP-3 resources of Type-1
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can empower communication utility of different resources of Type-2 [7, 44–
49]. It is, therefore, a natural question to analyze the communication utility of
different resources of Type-2 in absence of CP-1 resource of Type-1, i.e. shared
randomness. Precisely this question is the issue we will address in Chapter 3.

2.3.2 W-ANTV (RAC) Scenario

This scenario is more involved and also distinct from the earlier scenario. In
this case, the Referee provides random variables x ∈ X and y ∈ Y to Alice and
Bob, respectively, and only Bob needs to return an output random variable
b ∈ B. Accordingly, they will be given some payoff depending on the correlation
generated by them β : P(B|X ,Y ) → R. The famous no-go theorem of Holevo
[23] later generalized by Frenkel and Weiner [24] is no longer applicable in this
scenario. An N-level quantum system can be advantageous over an N-level
classical system in this W-ANTV scenario. Random Access Codes (RACs) are
canonical examples of tasks that fit perfectly within this scenario. In RAC task
Y is considered to be a set of queries regarding X (see Fig.2.3). In a RAC
task, the sender encodes a data set – typically a string of input bits – onto a
physical system of bounded dimension and transmits it to the receiver, who then
attempts to guess a randomly chosen part of the sender’s data set – typically one
of the sender’s input bits. While the protocol was first introduced by Wiesner
(W) by the name conjugate coding [25], the study drew renewed interest nearly
two decades later when it was rediscovered by Ambainis, Nayak, Ta-Shma, and
Vazirani (ANTV) [26, 51]. Interestingly, in this task, the communication utility
of a qubit (DC-2 resource of Type-2) has been shown to be more than a classical
bit (DC-1 resource of Type-2), even in absence of any kind of Type-1 resources
[25, 26, 51]. Subsequently, several variants of this task have been studied leading
to interesting implications[52–56]. Furthermore, in this scenario, it has also
been shown that a resource of Type-1 can empower the communication utility of
a resource of Type-2 [57–59].

Parity Oblivious Random Access Cose (PORAC) is another prominent example
of this scenario. Similar to the RAC task here also Bob needs to guess some
information about Alices input bit strings, but the amount of communication
is no longer restricted. There is a restriction on the type of communication
i.e. communication must not contain the parity information of the input bits.
Spekkens et. al. has given bound on the PORAC success for any noncontextual
theory and also shown that quantum mechanics violate this bound [60]. There
are other variants of this task with deeper foundational implications. In W-ANTV
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FIG. 2.3 Wiesner-Ambainis- Nayak-Ta-Shma-Vazirani (W-ANTV) communication sce-
nario. While Alice is given some classical input x ∈ X , Bob is also given
(generally some query regarding X ) input y ∈ Y . However, only Bob has to
generate a classical output b ∈ B. Like the H-FW case, two different types of
resources might be used to optimize the payoff β : P(B|X ,Y )→ R.

scenario, it has also been shown that post-quantum nonlocal correlations can
empower classical communication arbitrarily, making communication complexity
trivial [61, 19, 29].

2.3.3 BELL Scenario

In this case both Alice and Bob are given classical random variables x ∈ X and
y ∈Y , respectively; and both of them have to return some random variable a ∈A

and b ∈B, respectively to the Referee. Accordingly, they are given some payoff β :
P(A ,B|X ,Y )→ R (See Fig. 2.4). Unlike the earlier two scenarios, they are not
allowed to communicate with each other, i.e. resources of Type-2 are prohibited
in this case. However, they can share some resources of Type-1. This scenario is
mostly studied within the quantum foundations community to understand the
strength of different correlations. The seminal result of Bell [14, 15] (see also
[62]) establishes that this scenario is capable of revealing a hierarchy among
different common past resources. In fact, from entangled quantum states, one
can come up with correlations that yield more success for some suitably chosen
payoffs than any classical shared randomness. Such correlations are more
popularly known as Bell-nonlocal correlations (See Sec.1.5.1). Subsequently, it
has been shown that this scenario is capable of making a distinction between
quantum and post-quantum correlations [37, 36].

More recently, this framework has been proven to be useful for separating
different mathematical models for composite systems [63] which accordingly
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FIG. 2.4 Canonical Bell Scenario. Here, both Alice and Bob are given inputs x ∈ X and
y ∈ Y , respectively. Both of them need to return back classical outputs a ∈ A
and b ∈ B. Unlike the earlier two cases, no communication is allowed between
Alice and Bob. However they can utilize Type-2 resources to optimize their
joint payoff β : P(A ,B|X ,Y )→ R.

provides answers to some long-standing problems in complexity theory and
operator theory [64] and leads to some undecidable consequences regarding
the structure of quantum logic [65]. More recently, this scenario has been
further generalized where Alice and Bob are given quantum inputs instead of
classical random variables [66, 67]. In Chapter 5 we will certify different useful
communication using a quantum input bell scenario.





Chapter 3

Communication advantage in
Holevo-Frankel-weinar Scenario

3.1 Introduction
The simplest communication scenario, known as HFW scenario involves two
distant parties – a sender (Alice) and a receiver (Bob) – where Alice aims to
transmit some message to Bob by sending some physical systems (see Sec.2.3.1).
The pioneering ‘quantum superdense coding’ protocol establishes a quantum
advantage by showing that quantum entanglement, preshared between sender
and receiver, can double the classical communication capacity of a perfect qubit
channel [7]. This is quite striking, as in such a scenario, quantum entanglement
on its own has no communication utility, and according to the fundamental
no-go theorem of Holevo [23], the communication capacity of a perfect qubit
channel alone is no more than the capacity of a perfect one-bit classical channel.
Recently, the no-go implication of Holevo has been strengthened further by
Frenkel & Weiner while evaluating the communication utility of a quantum
system in absence of preshared entanglement [24]. While in Holevo’s theorem,
communication utility is measured in terms of the mutual information between
the random variable the sender intends to send and the random variable the
receiver obtains after the channel action, Frenkel & Weiner quantify a channel’s
utility through a generic reward function rather than only mutual information
and still establish that the communication utility of an n-level quantum system
is the same as that of an n-level classical system.

The contribution of this chapter starts with the following pivotal observation:
while quantum entanglement and classical shared randomness both have zero
communication utility on their own, the no-go results in [23, 24] consider the
former to be a costly resource, and hence not allowed to be preshared between the
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parties, whereas the latter is freely available between them. This assumption
is supported by the general practice within the study of Bell’s nonlocality [14,
15, 68], wherein classical shared randomness is considered to be free as they
result only in ’local’ correlations, while quantum entanglement can result in
puzzling ’nonlocal’ correlations [69–71]. However, it is important to note that
to create classical shared randomness between two distant parties, classical
communication is a necessary resource, and hence in this work we will consider
it to be a costly resource. A number of works in other branches of research
[72–74] as well as in quantum information theory [75–78] already exist where
nontrivial utilities of classical shared randomness have been pointed out.

3.2 Classical superdense coding
In this section, we will show how classical shared randomness can play a non-
trivial role in enhancing the communication utility of a perfect classical commu-
nication channel. To this aim, we propose a class of two-party communication
games and then analyze the payoffs of these games, first with 1-bit of clas-
sical communication only and then with the additional assistance of shared
randomness.

3.2.1 A two-party communication game

Suppose Charlie is the manager of a chain of restaurants. Let the total number
of restaurants be n. On each day one of the restaurants remains closed and
which one is to be closed is decided by Charlie randomly with uniform probability.
Charlie informs Alice which restaurant is closed for the day. Another fellow,
Bob, must visit one of Charlie’s restaurants for lunch each day. However, Bob
does not know which restaurant is closed for the day. He relies on Alice to
communicate that information to him. Alice is restricted to communicating only
1-bit of information to Bob. The collective aim of Alice and Bob is to ensure that
the following two conditions are satisfied:

(h1) Bob never visits a closed restaurant.

(h2) Bob visits each restaurant with equal probability.
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The situation can be described with the following ‘visit’ matrix:

V≡

1b 2b · · · nb


1c p(1b|1c) p(2b|1c) · · · p(nb|1c)

2c p(1b|2c) p(2b|2c) · · · p(nb|2c)

· · · · · · ·
· · · · · · ·

nc p(1b|nc) p(2b|nc) · · · p(nb|nc)

(3.1)

The entry p(ib| jc) represents Bob’s probability of visiting the ith restaurant (hence
the subscript ‘b’) given that the jth restaurant is closed (hence the subscript ‘c’).
The condition (h1) implies

p(ib|ic) = 0, ∀ i ∈ {1, · · · ,n}, (3.2)

i.e. all the diagonal entries of the matrix V must be zero. Bob’s probability of
visiting the ith restaurant can be obtained from the sum of the entries for the ith

column of the matrix V. The condition (h2) thus reads as

p(ib) =
n

∑
j=1

p(ib| jc)p( jc) =
1
n

n

∑
j=1

p(ib| jc) =
1
n
. (3.3)

Here, p( jc) = 1/n, ∀ j ∈ {1, · · · ,n}, as the closing probabilities are assumed to be
uniform and the last equality is imposed by the condition (h2). Alice can send
only 1-bit of classical communication to Bob. Furthermore, we assume that
shared randomness is a costly resource. Alice and Bob, however, are free to
use local randomness on their part while playing the game. With this, we can
formally define different classical strategies.

Definition 1 (Classical deterministic strategy). A classical deterministic strategy
is an encoding-decoding tuple (E,D), where E is a ‘logn-bit to 1-bit’ deterministic
function and D is a ‘1-bit to logn-bit’ deterministic function, i.e. E : {1, · · · ,n} 7→
{0,1} and D : {0,1} 7→ {1, · · · ,n}.

Definition 2 (Classical mixed strategy). A classical mixed strategy is a proba-
bilistic strategy (PE,PD), where PE and PD are probability distributions over the
space of deterministic encodings (E) and decodings (D), respectively.
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Definition 3 (Classical correlated strategy). A classical correlated strategy is a
probability distribution PE×D over the space of Cartesian product of deterministic
encodings and decodings.

Classical mixed strategies can be realized with local randomness on Alice’s
and Bob’s sides. On the other hand, the implementation of classical corre-
lated strategies requires Alice and Bob to possess classical shared randomness.
Formally, classical shared randomness between two parties can be defined as
a joint probability distribution {p(α,β )} on A× B, where α ∈ A and β ∈ B are
random variables possessed by Alice and Bob, respectively. The amount of
shared randomness can be quantified through classical mutual information,
I(A : B) := H(A)+H(B)−H(A,B), where H(W) := −∑w p(w) log p(w) is the Shannon
entropy of the random variable w ∈ W. It is not hard to see that if Alice and Bob
share the classically-correlated state ρ = 1

2 |00⟩⟨00|+ 1
2 |11⟩⟨11| ∈ D(C2 ⊗C2) then

they can extract 1-bit of classical shared randomness by performing σz measure-
ment on their respective subsystems. A similar process will yield H(p)-bit of
shared randomness from the state ρ = p |00⟩⟨00|+(1− p) |11⟩⟨11|, with p ∈ [0,1].
For more elaborative discussions on classical shared randomness from a resource
theoretic perspective we refer to the work [78].

At this point, we digress a bit to discuss mixed and correlated strategies in
the light of Bayesian game theory. John Nash, in his seminal work, introduced
the concept of Nash equilibrium and proved that any game with a finite number
of actions for each player always has a mixed strategy Nash equilibrium [79].
Later, Harsanyi introduced the notion of Bayesian games where each player
has some private information unknown to other players [80–82]. Aumann
proved that in the Bayesian game scenario the notion of mixed strategy Nash
equilibrium needs to be generalized to a correlated equilibrium where some
adviser provides advice to the players in the form of shared randomness to
achieve the correlated equilibrium [72]. Note that every pure/ mixed Nash
equilibrium is also a correlated equilibrium, but the set of correlated equilibria
is strictly larger than the set of mixed strategy Nash equilibria. It has also been
shown that correlated equilibria are easier to compute [83]. Recently several
interesting results have been reported connecting the study of Bayesian game
theory and quantum nonlocality [84–87].

In a communication task, the following two questions are important to be
explored. Firstly, whether there exists an optimal strategy to perform the task,
and secondly, if it does exist, whether it is achievable with the resources available.
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For instance in Bayesian games where each player has some private information
unknown to the other player although there exist the notion of Nash Equilibrium
but its achievability is in question. Rather, a more general concept in this case
is the correlated equilibrium which can be achieved if correlations are provided
to the players as assistance. In communication scenarios, one player may have
partial knowledge of the other player’s information due to limited communication
from the latter to the former. In this work, we focus on the existence of a
winning strategy with classical communication, quantum communication, and
the assistance of classical correlation (Shared-randomness). Considering shared
randomness as a valuable resource, there may exist winning strategies that
require its assistance. We consider the scenario where Charlie, as a referee,
provides different resources to Alice and Bob to implement the winning strategy.
Charlie allows arbitrarily large classical side channels from Alice to him and
also from him to Bob. Through this, Charlie will help Alice and Bob develop the
strategy they will follow once the game starts. Apart from strategy development,
the establishment of shared randomness between Alice and Bob will not be
allowed through these side channels intervened by Charlie. In other words, we
can say that the side channels are constrained. For an explicit example, let’s
consider a specific two-party communication task: the restaurant Game and their
winning conditions (h1,h2) and explore the achievability of winning strategies.
So the game setup can be divided into three steps: Announcement, Strategy
development, and Active Game-play (see Fig.3.1) For an explicit example, let’s
consider a specific two-party communication task: the restaurant Game and their
winning conditions (h1,h2) and explore the achievability of winning strategies.
So the Game setup can be divided into three steps: Announcement, Strategy
development, and Active Game-play (see Fig.3.1).

• Step 1 : Announcement (see Fig.3.1a)

a. Charlie is hosting a game where some payoff will be given depending
on fulfilling certain winning conditions (h1 & h2).

b. Two random players who have never met in the past, Sender (Alice)
and Receiver (Bob), participate in the restaurant game.

c. Charlie declares number of restaurant (n) Bob has to visit in future
and demands them to win Hn(1/n) game.
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(A) Step 1 : Announcement (B) Step 2 : Strategy Development

(C) Step 3 : Active Gameplay

FIG. 3.1 The restaurant game can be divided into three different steps. (A) In the
first step, Charlie announces the rules of the game and also declares the
resources that will provided to the players. (B) An arbitrarily large classical
side channel is opened from Alice to Charlie and from Charlie to Bob with
the constraint that Charlie will forward only the encoding strategies to Bob.
Once the encoding strategies have been forwarded, these side channels will be
permanently closed. (C) In the active part of the game, Charlie will give x ∈ X
to Alice and Alice sends 1-cbit or 1-qubit to Bob and accordingly Bob gives an
output b ∈ B.

d. Charlie also declares the communication resources (classical chan-
nel/quantum channel) that will be opened in the future and announces
whether some shared randomness will be provided as assistance.

• Step 2 : Strategy Development (see Fig.3.1b)

a. Charlie opens an arbitrarily large constrained classical channel from
Alice to Charlie and from Charlie to Bob. But Charlie will communicate
to Bob only the encoding strategy received from Alice.

b. Alice chose an encoding strategy based on available resources and sent
the encoding strategies to Bob via Referee.
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c. Charlie now closes both communication channels, from Alice to him
and him to Bob.

• Step 3 : Active Gameplay (see Fig.3.1c)

a. Charlie provides x ∈ X to Alice.

b. A one cbit/qubit communication channel has been opened from Alice
to Bob.

c. Bob outputs b ∈ B using some suitable decoding strategy.

In this scenario shared randomness is a costly resource as the participating
players are previously unknown to each other also they cannot generate shared
randomness with the constrained classical channels. This setup explains the
achievability of different winning strategies with the assistance of different
communication resources but in the rest of the paper, we will focus on the
existence of winning strategy. Coming back to the winning strategy in our
restaurant game, Alice and Bob can follow any mixed strategy whenever 1-bit of
communication is allowed, but a correlated strategy requires additional resource
of shared randomness. It is easy to see that the condition (h1) can be readily
satisfied within the limited set of mixed strategies. Alice just tells Bob if the first
restaurant is open or closed using 1-bit classical message. If the first restaurant
is open, Bob visits the first restaurant. Otherwise, he visits one of the other
restaurants. However, satisfying the second condition is more tricky. In the next
subsection, we analyze the cases where it can be satisfied.

3.2.2 Games winnable with mixed strategies

We can consider a more general class of games where the winning condition (h2)
generalizes as follows:

(h1′) Bob never visits a closed restaurant ≡ (h1).

(h2′) Bob visits the kth restaurant with probability γk ≥ 0, ∀ k ∈ {1, · · · ,n}, where
each γk can in general be different.

Values of γk’s are known to both Alice and Bob before the game starts. Since all
restaurants are closed with equal probability, we therefore have γk ≤

(
1− 1

n

)
, ∀ k.

Clearly, each tuple (γ1,γ2, · · · ,γn) defines a game which we will denote as
Hn(γ1,γ2, · · · ,γn), and the special case where γi’s are uniform will be denoted as
Hn (1/n). Our aim is to find which games are winnable under mixed classical
strategies. A generic such strategy can be realized in the following steps.
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(S-1) If the kth restaurant is closed, Alice tosses a 2-sided biased coin having
the outcomes {0,1}. The outcome probabilities of the coin are given by
Pk(0) = αk and Pk(1) = 1−αk.

(S-2) Alice communicates the outcome of the coin toss to Bob through the perfect
1-bit classical channel.

(S-3) Bob prepares two n-sided coins with outcome probabilities specified by the
probability vectors r⃗ = (r1,r2, · · · ,rn) and q⃗ = (q1,q2, · · · ,qn), respectively. If
he receives 0 from Alice he tosses the r⃗ coin and visits the ith restaurant
if ith outcome occurs. He follows a similar strategy with the q⃗ coin if 1 is
received from Alice.

With this strategy, the conditional probability p(mb|kc) that Bob visits the mth

restaurant provided the kth restaurant is closed turns out to be,

p(mb|kc) = αk × rm +(1−αk)×qm. (3.4)

To satisfy the first condition that Bob never visits a closed restaurant we must
have,

p(ib|ic) = αi × ri +(1−αi)×qi = 0 (3.5)

∀ i ∈ {1,2, · · ·n}.

Eq.(3.5) holds for the ith restaurant if and only if at least one of the following
conditions is satisfied:

αi = 0 and qi = 0, (3.6a)

αi = 1 and ri = 0, (3.6b)

ri = 0 and qi = 0. (3.6c)

Without loss of generality we can divide the set of n restaurants in two set i.e.
P≡ {1, · · · ,a} and O≡ {a+1, · · · ,n}, such that γi > 0 ∀ i ∈ P and γi = 0 ∀ i ∈O. For
every restaurant either Eq.(3.6a) or Eq.(3.6b) or Eq.(3.6c) holds. If i ∈ P then
Eq.(3.6c) cannot hold for restaurant i since that would yield γi = 0. Thus for
i ∈ P either Eq.(3.6a) or Eq.(3.6b) must hold. Also we can conclude that for a
restaurant i ∈ O Eq.(3.6c) must hold. Therefore, the best they can do with a
mixed classical strategy is to make a partition of restaurants into three sets X , Y
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and Z such that each of the restaurants in sets X , Y and Z satisfies Eq.(3.6a),
Eq.(3.6b) and Eq.(3.6c), respectively. Alice sends 1 if a restaurant from the set
X is closed and sends 0 if a restaurant from the set Y is closed. If a restaurant
j ∈ Z is closed, she sends 0 with probability α j and 1 with probability 1−α j. Bob
never visits the restaurants in X whenever he receives 1 and never visits the
restaurants in Y whenever he receives 0. Formally,

X ≡ { j |α j = 0 and q j = 0},
Y ≡ { j |α j = 1 and r j = 0},
Z ≡ { j |r j = 0 and q j = 0}=O,

X ∪Y = {1,2, · · · ,a} & X ∩Y = /0.

Thus, the probability p(mb) = ∑k p(mb|kc)p(kc), that Bob visits mth restaurant
turns out to be,

p(mb) =
1
n

[
∑
k∈X

p(mb|kc)+ ∑
k∈Y

p(mb|kc)+ ∑
k∈Z

p(mb|kc)

]

=
1
n

[
∑
k∈X

qm + ∑
k∈Y

rm + ∑
k∈Z

(αk × rm +(1−αk)×qm)

]
. (3.7)

According to the condition (h2′) we have p(mb) = γm. and depending on whether
m belongs to X ,Y or Z we have,

γm =
1
n

[
∑
k∈Y

rm + ∑
k∈Z

αk × rm

]

=

[
|Y |
n

+ ᾱz
|Z|
n

]
rm, ∀ m ∈ X ; (3.8a)

γm =
1
n

[
∑
k∈X

qm + ∑
k∈Z

(1−αk)×qm

]

=

[
|X |
n

+(1− ᾱz)
|Z|
n

]
qm, ∀ m ∈ Y ; (3.8b)

γm = 0, ∀ m ∈ Z; (3.8c)

where | · | denotes the cardinality of a set, and ᾱz := 1
|Z| ∑k∈Z αk. Thus, a classical

winning strategy exists for the given game if and only if there exists a partition
of P into two non-empty sets X and Y , along with two probability vectors r⃗ and q⃗
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such that

rm =
n

|Y |+ ᾱz|Z|
γm, ∀ m ∈ X , (3.9a)

qm =
n

|X |+(1− ᾱz)|Z|
γm, ∀ m ∈ Y. (3.9b)

This defines the class of games that are winnable by classical mixed strategies.
From here on-wards we will specifically consider the games with γ1 > 0 ∀ i. So it
is better to see how Eq.(3.8a)-(3.8c) get modified in such a case. Since we have
|Z|= 0, no restaurant can lie in the set Z, thus we have

γm =
|Y |
n

rm, ∀ m ∈ X ; γm =
|X |
n

qm, ∀ m ∈ Y. (3.10)

Note that for the case where γi > 0 ∀ i sets X and Y must be non empty. Now the
probability vectors r⃗ and q⃗ are given by

rm =
n
|Y |

γm, ∀ m ∈ X ; qm =
n
|X |

γm, ∀ m ∈ Y. (3.11)

Special cases: Hn(1/n)

For this special case we have |Z|= 0 and a = n. Using ∑m∈X rm = 1 and ∑m∈Y qm = 1
in Eq.(3.11) we have

∑
m∈X

γm
n
|Y |

= 1 = ∑
m∈Y

γm
n
|X |

, (3.12)

which for Hn(1/n) game reduces to

∑
m∈X

1
|Y |

= ∑
m∈Y

1
|X |

, ⇒ |X |
|Y |

=
|Y |
|X |

. (3.13)

This further implies |X | = |Y | = n/2. Thus, Hn(1/n) cannot be won in the case
when n is odd. However if n is even then the task becomes easy. We take
X = {1,2, ...,n/2} and Y = {n/2+1,n/2+2, ...,n}. Alice informs Bob if the closed
restaurant belongs to X or Y . If the closed restaurant is among X , then Bob
tosses a n/2 -sided fair coin and visits one of the restaurants in Y . If the closed
restaurant is in Y , then Bob tosses a n/2-sided fair coin and visits one of the
restaurants in X . Thus a Hn(1/n) game is always winnable using a mixed strategy
if and only if n is even.
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Three-restaurant general case: H3(γ1,γ2,γ3)

Note that in the three restaurant case at most one of the γi can be 0. All games
where one out of the three γi’s is 0 are winnable with a classical mixed strategy.
We provide explicit strategy for such cases. Consider that γ3 = 0. Alice sends 0 if
restaurant 1 is closed, she sends 1 if restaurant 2 is closed and if restaurant 3
is closed she sends 0 with probability p and 1 with probability 1− p. Bob visits
restaurant 2 if he receives a 0 and he visits restaurant 1 if he receives a 1. This
strategy ensures that Bob never visits a closed restaurant and we also have

γ1 =
1
3
[1+(1− p)], γ2 =

1
3
[1+ p], γ3 = 0. (3.14)

With an appropriate choice of the values for p ∈ [0,1] any game with γ3 = 0 can
be won. Similar strategies hold for the cases where γ1 = 0 and γ2 = 0. We now
move on to the scenario where γi > 0 ∀ i. We start by looking at all the different
partitions X and Y of the restaurants. Since the set X and Y must be non-empty
we can make six different partitions of three restaurants as shown in Table 3.1.
Without loss of any generality, we can consider only the three cases R1, R2, and
R3. For these cases we have,

R1 : In this case we have, r2 = r3 = q1 = 0,r1 = 1 and q2+q3 = 1; that imply, γ1 =
2
3

and γ2 + γ3 =
1
3 .

R2 : Here, r1 = r3 = q2 = 0,r2 = 1 and q1 +q3 = 1; which further imply, γ2 =
2
3 and

γ1 + γ3 =
1
3 .

R3 : In this case, r1 = r2 = q3 = 0,r3 = 1 and q1 +q2 = 1; and consequently, γ3 =
2
3

and γ1 + γ2 =
1
3 .

The other three can be achieved from these three by inverting Alice’s encoding
0 → 1 and 1 → 0. Therefore, only those H3(γ1,γ2,γ3) are perfectly winnable with a
classical mixed strategy where one of the γi value is 2/3 or 0 (see Fig. 3.2). In
particular, the game H3(1/3) is not winnable by a classical strategy.

Set R1 R2 R3 R4 R5 R6

X {1} {2} {3} {2,3} {1,3} {1,2}
Y {2,3} {1,3} {1,2} {1} {2} {3}

TABLE 3.1 Six different partitioning of three restaurants into two nonempty disjoint
sets.
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FIG. 3.2 Parameter-space (γ1 + γ2 + γ3 = 1 plane) of the games H3(γ1,γ2,γ3). Orange
shaded regions are the unphysical games as the conditions (h1′) and (h2′)
cannot be satisfied for the parameters values chosen from there. The green
shaded region (polytope) are all games winnable with correlated strategies
with 1-bit of shared randomness. The boundaries of the green polytope, i.e.
γi = 0 and 2/3, for i ∈ {1,2,3}, are the only games winnable with classical mixed
strategies.

Even restaurant: unwinnable game

We have already seen that all the games Hn(1/n) are perfectly winnable with
classical mixed strategies whenever n is even. Naturally, the question arises
whether all even restaurant games are winnable with such strategies when
generic cases are considered. We answer this question negatively by constructing
an explicit example of such a game. Note that Eq.(3.10) yields,

∑
m∈X

γm =
|Y |
n
, & ∑

m∈Y
γm =

|X |
n
. (3.15)

Now it becomes easy to come up with an even restaurant game that is impossible
to win using a mixed strategy. For instance, consider the 4-restaurant game
specified by γ1 = 2/5 and γ2 = γ3 = γ4 = 1/5. No non-empty disjoint partitioning
of the four restaurants satisfies the conditions in Eq.(3.15). Thus the game
H4 (2

5 ,
1
5 ,

1
5 ,

1
5

)
is not winnable with classical mixed strategies.

3.2.3 Games winnable with classical correlated strategies

We have already seen that only a subclass of games Hn(γ1, · · · ,γn) can be won
with mixed strategies. If Alice and Bob are allowed to share classical shared
randomness, then they can follow any correlated strategy and can win any of the
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game Hn(γ1, · · · ,γn). For instance, consider the 3-restaurant case first. Alice and
Bob can share a random variable λ ∈ {1,2,3} which determines the partitions
Rλ that they use in a particular run. Using R1 they can win all games of the
form

(
γ1 =

2
3 ,γ2,γ3

)
, using R2 they can win all games of the form

(
γ1,γ2 =

2
3 ,γ3

)
,

and using R3 they can win all games of the form
(
γ1,γ2,γ3 =

2
3

)
. Therefore, using

shared randomness they can win all games of the form,

r1

(
2
3
,a2,a3

)
+ r2

(
b1,

2
3
,b3

)
+ r3

(
c1,c2,

2
3

)
,

where a2+a3 = b1+b3 = c1+c2 =
1
3 and r1+ r2+ r3 = 1 and these cover all possible

games H3(γ1,γ2,γ3).
The above strategy uses log3 bits of shared randomness. However, a more

efficient protocol is possible if we look into the geometry of the game space.
The set of all possible games H3(γ1,γ2,γ3) forms a polytope embedded in the
2-simplex as shown in Fig.3.2. All games that are winnable through a strategy
corresponding to the partition R1 form the facet γ1 = 2

3 of the green polytope.
Similarly, partitions R2 and R3 form facets that correspond to γ2 =

2
3 and γ3 =

2
3 ,

respectively. Any game lying within the green polytope can be won by taking a
suitable convex mixture of two points from the facets γi = 0 and γi =

2
3 ; i ∈ {1,2,3}.

Therefore 1-bit of shared randomness along with 1-bit classical channel suffice
to construct a perfect strategy for any of the games H3(γ1,γ2,γ3).

Moving to the general case, any of the games Hn(γ1, · · · ,γn) can be perfectly
won with 1-bit of classical communication if sufficient amount of shared ran-
domness is allowed. A trivial upper bound can be obtained from the convex
structure of game space. For general n, the game space is a convex polytope
embedded in Rn. The extreme points of this polytope are the games specified by
the vectors of the form

(n−1
n , 1

n ,0, · · · ,0
)
∈ Rn, and its all possible permutations,

total n(n−1) in number. All such games can be won with just 1-bit of classical
communication without requiring any shared randomness. For instance, while
playing the game Hn (n−1

n , 1
n ,0, · · · ,0

)
, Alice will send ‘0’ if the first restaurant is

closed, else she sends ‘1’. Bob visits the second restaurant when he receives ‘0’,
else he visits the first restaurant. It is not hard to see that both the conditions
(h′1) and (h′2) are satisfied with this strategy. Since any vector (γ1, · · · ,γn) ∈ Rn

specifying the game Hn(γ1, · · · ,γn) can always be expressed as a convex mixture of
aforesaid n(n−1) extreme points, therefore log(n2 −n)-bit of shared randomness,
along with 1-bit of communication, will suffice for winning any of the games
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Hn(γ1, · · · ,γn). However, this seems an extreme overestimate, and we believe that
the games can be won with much less amount of shared randomness. In fact, it
would be quite interesting to show that any such game can be won with 1-bit
of communication when aided with just 1-bit of shared randomness. The above
result can be summarized as the following theorem.

Theorem 1. Shared randomness can increase the utility of a perfect 1 cbit
classical channel in H-FW scenario.

A game Hn(γ1, · · · ,γn) winnable with some classical correlated strategy but
not winnable with any classical mixed strategy establishes the fact that classical
shared randomness can empower utility of a perfect but limited classical com-
munication line in the Holevo & Frenkel-Weiner kind of scenario. Important to
note that the single-shot utility of a perfect classical channel gets empowered
with shared randomness. This, in a sense, can be thought as a classical version
of ‘quantum superdense coding’ phenomenon where also single-shot commu-
nication utility of a perfect quantum channel gets enhanced with preshared
entanglement. Of course, there is a crucial difference between these two. In
the case of quantum superdense coding channel’s utility is quantified through
classical mutual information between senders and receivers data which can
be increased with preshared entanglement. In the classical scenario, shared
randomness cannot increase the mutual information. Therefore in the classical
scenario, the usefulness of shared randomness in enhancing the single-shot
utility of a perfect channel must be analyzed with some payoff different from
classical mutual information. The winning condition of our restaurant games
stands for one such payoff. Our restaurant game is only a particular example of
tasks that establish such nontrivial communication utility of classical shared
randomness. Nonetheless, it motivates further research to explore such novel
usefulness of shared randomness in single-shot paradigm. In the following we,
however, proceed to analyze the restaurant games with quantum resource.

3.3 Communication advantage of quantum system
When playing the restaurant games in quantum scenario, Alice can send a qubit
system to Bob instead of a classical bit. Like classical mixed strategies, no
classical shared randomness is allowed between Alice and Bob. In such a case, a
quantum strategy can be defined as follows.

Definition 4 (Quantum strategy). A quantum strategy is an encoding-decoding
tuple (Eq,Dq), where Eq is a ‘logn-bit to 1-qubit’ bijective function and Dq is a
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n outcome POVM ,i.e. Eq : i 7→ ρi ∈ D(C2), with i ∈ {1, · · · ,n}; and Dq : {π j | π j ≥
0 & ∑

n
j=1 πi = I}, where I is the identity operator on C2.

Bob makes the decision to visit the restaurants based on his measurement
outcomes. Here we assume that the quantum communication line is perfect, i.e.
the qubit state, Alice intends to send Bob, does not get interrupted with noise.
Noisy case analysis we defer to the later section. Interestingly, we will show
that there exist quantum strategies that are advantageous over classical mixed
strategies.

3.3.1 Special case: Hn(1/n)

Let us first consider the case n = 3. For encoding, Alice chooses a symmetric set of
pure states lying on an equilateral triangle from a great circle of the Bloch sphere.
When the kth restaurant is closed, she sends the state ρk = |ψk⟩⟨ψk|= 1

2 [I+ n̂k · σ⃗ ],

where n̂k is the Bloch vector
(

sin 2π(k−1)
3 ,0,cos 2π(k−1)

3

)T
∈ R3; k ∈ {1,2,3} and T

denotes transposition. For decoding, Bob performs the measurement M (3) ≡{
πk := 1

3 [I− n̂k · σ⃗ ]
}3

k=1, and visits the kth restaurant if outcome corresponding
to the effect πk is observed. With this strategy we have p(ib|ic) = Tr[ρiπi] =
0, ∀ i, ensuring the condition (h1). Furthermore, Bob’s probability of visiting mth

restaurant turns out to be,

p(mb) =
1
3 ∑

k
p(mb|kc) =

1
3 ∑

k
Tr
[

1
2
[I+ n̂k · σ⃗ ]

1
3
[I− n̂m · σ⃗ ]

]

=
1
9 ∑

k
[1− n̂k · n̂m] =

1
9

[
3−

(
∑
k

n̂k

)
· n̂m

]
=

1
3
,

which ensures the condition (h2). The strategy can be generalized for any of the
games Hn(1/n) with odd n. Recall that, for even n the game Hn(1/n) is winnable
with classical mixed strategy. For an arbitrary odd n, Alice uses the encoding
ρk =

1
2 [I+ n̂k · σ⃗ ], where n̂k’s are symmetrically distributed on the equatorial plane.

Bob performs the measurement M (n) ≡
{

πk := 1
n [I− n̂k · σ⃗ ]

}n
k=1 and visits the

kth restaurant if outcome corresponding to the effect πk is observed. A similar
calculation as before ensures both the conditions (h1) and (h2).

3.3.2 Three-restaurant general case: H3(γ1,γ2,γ3)

In this general case, to fulfill the condition (h1′), Alice must choose some pure
states for encoding. Let she sends the state |ψi⟩ to Bob when the ith restaurant is
closed. To satisfy the condition (h1′) Bob must perform a decoding measurement
of the form M =

{
αi|ψ⊥

i ⟩⟨ψ⊥
i | | αi > 0 & ∑i αi = 2

}3
i=1 and he visits the ith restau-

rant if the ith effect clicks. To satisfy this requirement the completely mixed
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FIG. 3.3 Quantum strategy for H3(γ1,γ2,γ3). Alice sends the qubit |ψk⟩ when the kth

restaurant is closed. Red dots denote Alice’s encodings. Blue half-circles
denote the rank-one effects corresponding to Bob decoding. Blake dot denotes
the mid-point m23 of the cord joining the Bloch vectors ψ2 & ψ3. Here the
strategy is shown for γ1 = γ2 = γ3 = 1/3, i.e., for the game H3(1/3). For other
cases, θ2 and θ3 need to be varied accordingly.

state must lie within the triangle formed by Bloch vectors corresponding to the
encoding states {|ψi⟩}3

k=1. Without loss of any generality, Alice can choose her
encodings as ψ1 = (0,0,1)T, |ψ2⟩= (−sinθ2,0,cosθ2)

T and |ψ3⟩= (sinθ3,0,cosθ3)
T;

where ψi is the Bloch vector of the state |ψi⟩ and θ2,θ3 ∈ [0,π]1 are the polar angles
for the corresponding Bloch vectors (see Fig.3.3). Accordingly, the requirements
of the condition (h1′) read as,

α1 +α2 +α3 = 2, (3.16a)

α1 +α2 cosθ2 +α3 cosθ3 = 0, (3.16b)

−α2 sinθ2 +α3 sinθ3 = 0. (3.16c)

1Note that θ2 +θ3 cannot be lesser than π, since this configuration would not form a valid
measurement.
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FIG. 3.4 This figure shows locus of the midpoints m23 having constant γ1. Once γ1 is
fixed, m23 completely specifies the value of γ2 and γ3. Thus it is sufficient to plot
constant γ1 curves. Here, γ1 = 0.6, 0.5, 0.4, 0.3, 0.2,& 0.1 curves are plotted. The
black dotted triangle shows an explicit strategy for the game H3 (0.5,0.25,0.25).
As the black dot moves on the blue curve we get strategies for the games of
the form H3

(
0.5, p

2 ,
1−p

2

)
, with p ∈ [0,1]. The leftmost point on the blue curve

corresponds to the game H3 (0.5,0,0.5) while the rightmost point corresponds
to H3 (0.5,0.5,0).

These further lead to,

α1 =
2sin(θ2 +θ3)

sin(θ2 +θ3)− sinθ2 − sinθ3
, (3.17a)

α2 =
−2sinθ3

sin(θ2 +θ3)− sinθ2 − sinθ3
, (3.17b)

α3 =
−2sinθ2

sin(θ2 +θ3)− sinθ2 − sinθ3
, (3.17c)

and accordingly, we have,

γ1 =
1
3
(p(1|2)+ p(1|3))

=
1
3

Tr[α1|ψ⊥
1 ⟩⟨ψ⊥

1 |(|ψ2⟩⟨ψ2|+ |ψ3⟩⟨ψ3|)]

=
1
3

sin(θ2 +θ3)(2− cosθ2 − cosθ3)

(sin(θ2 +θ3)− sinθ2 − sinθ3)
. (3.18)

The aforesaid encoding can be uniquely specified by specifying the state |ψ1⟩= |0⟩
and fixing the midpoint m23 of the line joining Bloch vectors of |ψ2⟩ and |ψ3⟩ (see
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Fig.3.4). This is because for any point within a great circle (except the center)
there exists a unique chord having that point as the midpoint of the chord. Thus
choosing the encoding state |ψ1⟩ = |0⟩ when the first restaurant is closed, the
complete encoding is specified just by the midpoint m23, where the Bloch vector
corresponding to the restaurant 2 lies on the left side. Now, Eq.(3.18) can be
used to plot locus of the midpoints m23 with constant γ1. Such a plot is shown
in Fig.3.4. We thus conclude that all games H3(γ1,γ2,γ3) are perfectly winnable
through some quantum strategy. This leads us to the following theorem.

Theorem 2. In the absence of any preshared correlation utility of 1 qubit com-
munication is higher than 1 bit of classical communication in H-FW scenario.

3.3.3 Quantum strategy for H4 (2
5 ,

1
5 ,

1
5 ,

1
5

)
In case of any four restaurant game of the form H4

(
γ1,

1−γ1
3 , 1−γ1

3 , 1−γ1
3

)
with

γ1 > 0, Alice sends the state |ψi⟩ to Bob when the ith restaurant is closed. Without
loss of generality, she can choose |ψ1⟩ ≡ (0,0,1)T, and due to symmetry of the
visiting probability (γ2 = γ3 = γ4) the encoding of other three state will orient
symmetrically on a constant z plane. One can orient |ψ2⟩ along the x axis on that
constant z plane. However, once |ψ2⟩ is chosen the encodings for |ψ3⟩ and |ψ4⟩
are fixed. Let Alice’s encodings are

1 7→ |ψ1⟩ ≡ (0,0,1)T,

2 7→ |ψ2⟩ ≡ (sinθ ,0,cosθ)T ,

3 7→ |ψ3⟩ ≡

(
−1

2
sinθ ,

√
3

2
sinθ ,cosθ

)T

,

4 7→ |ψ4⟩ ≡

(
−1

2
sinθ ,−

√
3

2
sinθ ,cosθ

)T

.

To satisfy the condition (h1′), Bob must perform a decoding measurement of
the form M =

{
αi|ψ⊥

i ⟩⟨ψ⊥
i | | αi > 0 & ∑i αi = 2

}4
i=1 and he visits the ith restaurant

when ith effect clicks. With this encodings and decoding, the condition (h2′)
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further demands

α1 +α2 +α3 +α4 =2, (3.19a)

(2α2 −α3 −α4)× sinθ =0, (3.19b)

(α3 −α4)× sinθ =0, (3.19c)

α1 +(α2 +α3 +α4)× cosθ =0, (3.19d)

(1− cosθ)×α1 =
8
3

γ1. (3.19e)

Solving this set of equations for γ1 =
2
5 we obtain α1 =

16
23 ,α2 = α3 = α4 =

10
23 and

cosθ =− 8
15 , which completely specify the perfect strategy with qubit communica-

tion.
This shows only a particular example where qubit communication yields the

perfect strategy for the four-restaurant case. It might be interesting to analyze
the general four-restaurant scenario H4(γ1,γ2,γ3,γ4). In fact, it would be worth
interesting to classify the games H4(γ1, · · · ,γn) that allow perfect qubit strategies.
This question we left for future research. In the next, we rather move to analyze
the source of the obtained advantage from a more foundational perspective.

3.4 Origin of the advantage
Quantum advantages are hard to find and even harder to prove. In this section,
we will analyze which particular non-classical features underlies to the aforesaid
communication advantage we have obtained. We will also analyze whether
similar advantages are possible or not with some hypothetical non-classical toy
systems.

3.4.1 Two no-go results in quantum scenario

In search of the non-classical features of quantum theory that exhibit the above
advantage in the communication scenario, here we present two important no-go
results.

Proposition 1. A qudit is no better than a c-dit, in H-FW scenario, if Alice
encodes the inputs in d-dimensonal commuting density operators.

Proof. Let us consider that Alice uses n commuting density operator, i.e. {ρ1,ρ2,

· · · ,ρn}, where ρi ∈ D(Cd) for her encoding. let the common eigenstate of the
commuting density operators be {|φ1⟩ , |φ2⟩ , · · · , |φd⟩}, then the encoded density
operators can be express as ρi = ∑

d
j=1Ci j |φ j⟩⟨φ j|. After receiving the encoded
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qudit, the receiver performs an n-outcome positive operator valued measure
(POVM) M ≡{Ek : ∑k Ek = I}n

k−1 to decide among n-possibilities. The probability of
making kth decision by the receiver is p(Ek|i) = Tr(Ekρi) = ∑

d
j=1Ci jTr(Ek|φ j⟩⟨φ j|) =

∑
d
j=1Ci j p(Ek|φ j), when he receives the state ρi; i ∈ {0,1, · · · ,n}. In the analogous

classical scenario, depending upon the input received from Refree, Alice chooses
one of the d-faced coin Ci with the bias Ci j where i ∈ {1,2, · · · ,n}; j ∈ {1,2, · · · ,d}.
Depending on the outcome of the coin flip Ci, Alice will send Bob a classical digit
ranging from 0 to d, instead of the qudit {ρ1,ρ2, · · · ,ρd}. Bob will then choose
one of the n-faced coins C̃i based on the digit he received from Alice. Each of
these coins has a bias {p(E1|φi), · · · , p(En|φi)}, where i∈ {1,2, · · · ,n}. Therefore, the
probability generated by commuting qudits encoding can always be simulated by
a d-bit classical communication. This completes the proof.

The above result proves the necessity of non-commuting encoding to exhibit
the advantage of qudit communication over the d-bit classical channel in the
restaurant game Hn(γ1, · · · ,γn). Our next result deals with the decoding part at
Bob’s end.

Proposition 2. An advantage of a qudit over its classical counterpart in the
H-FW scenario requires the non-commutativity of the measurement operators at
the receiver’s end for decoding.

Proof. Let the sender uses one among n-qudits {|ψ1⟩ , |ψ2⟩ , · · · , |ψn⟩} to encode her
messages and sends the encoded state to the receiver. Consider that Bob performs
a n-outcome positive operator valued measure (POVM) M ≡ {Ek : ∑k Ek = I}n

k−1
to decide among n-possibilities, where all the measurement operators i.e. Ek

commute. So the measurement operators can be expressed as Ek = ∑
d
i=1Cki |φi⟩⟨φi|,

where |φi⟩ are the common eigenstate of the measurement operators Ek. The
encoding states |ψ j⟩ can be expressed in this eigen basis i.e. |ψ j⟩ = ∑

d
i=1 α ji |φi⟩.

In the classical counterpart, the sender can replace the quantum state |ψ j⟩ by
a source S j generating classical random variables {0,1, · · · ,n} with probabilities
{|α j1|2, |α j2|2, · · · , |α jd|2}. After receiving the classical random variable Bob will
choose one of the n-faced coins Ci with Cki bias and the receiver can simulate the
quantum probabilities obtained through commuting decoding. This proves the
claim.

The quantum advantage in our restaurant game, therefore, must invoke
‘quantum interference’ in the form of quantum superposition at encoding and
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noncommutivity at decoding steps. This is quite similar the communication
advantage as obtained in [26, 51, 60] within the W-ANTV scenario. Here,
non-commutative measurements, more specifically measurements that are non-
jointly measurable, play a crucial role in the decoding step at the receiver’s end.
Within the H-FW scenario, the entanglement assisted advantage of a perfect clas-
sical channel as reported in [49] once again uses non-compatible measurements
at the decoding step.

3.4.2 Is the advantage strictly quantum?

This question is quite important from a foundational perspective. Recall that
while the Seminal result of J. S. Bell establishes ‘nonlocal’ behavior of quantum
correlations [15], later Popescu and Rohrlich report such correlations which are
beyond quantum in nature [37]. On the other hand, communication advantages
of a qubit over its classical counterpart in the W-ANTV kind of scenario can also
be obtained with a hypothetical non-classical, in fact with better than quantum
success [52]. In a similar way, the advantage reported in the present paper
can also be obtained with hypothetical non-classical systems known as polygon
theories.

Polygon theories

This class of models can be specified by the tuple Ply(n)≡ (Ω(n),E (n)) [42], where
Ω(n) is the state space and E (n) is the effect space. For a fixed n, Ω(n) is the con-
vex hull of n pure states {ωi}n

i=1, where ωi := (rn cos(2πi/n),rn sin(2πi/n),1)T ∈ R3

with rn :=
√

sec(π/n). The set E (n) is the convex hull of the zero effect z := (0,0,0)T,
the unit effect u := (0,0,1)T and the extremal effects {ei, ēi = u− ei}n

i=1 where,

Odd gon Even gon

ei := 1
1+r2

n

rn cos 2πi
n

rn sin 2πi
n

1

 ei := 1
2

rn cos (2i−1)π
n

rn sin (2i−1)π
n

1


Although these are just toy models, in the recent past several interesting results
have been reported exploring different non-classical aspects of these models
which in turn provide better understandings of the Hilbert space structure of
quantum theory [88–93]. Here we study these models to explore their communi-
cation utility while playing the restaurant games.
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Playing Hn(1/n) with Polygons

For any n, Alice choose the system Ply(2n) and sends the state si =
1
2 (ω2i−1 +ω2i)

to Bob when ith restaurant is closed. Note that, unlike the quantum case, here
mixed states may be used for encoding. However, the states lies at the boundary
of the polygons. For decoding, Bob performs an n-outcome measurements M (n)≡{2

n ē2k
}n

k=1 and visits kth restaurant if outcome corresponding to the effect 2
n ē2k

is observed. The fact, ē2i ·ω2i−1 = 0 and ē2i ·ω2i = 0 yield p(ib|ic) = 2
n ē2i · si = 0.

Furthermore, p(mb) =
1
n ∑

n
k=1 p(mb|kc) =

1
n ∑

n
k=1

2
n ē2m ·sk =

2
n2 ē2m ·∑n

k=1 sk =
2
n2 ē2m ·nu=

1
n . Thus both the conditions (h1) and (h2) are satisfied (see Fig.3.5).

FIG. 3.5 Strategy for the H3(1/3) game with communication of a single Ply(6) system
from Alice to Bob (without shared randomness). Red dots denote Alice’s encod-
ings. Blue dots are the effects proportional to Bob’s decoding measurement.

Note that, so far all the advantageous strategies discussed with qubit and
polygonal models does not invoke any local randomness at the decoding step by
Bob. However, using local randomness at Bob’s end it can be further argued that
the game H3(1/3) can also be perfectly won with Ply(4) system. For that, Alice
uses the encoding E≡

{
1 7→ ω1, 2 7→ ω4, 3 7→ s := 1

2(ω2 +ω3)
}

. For decoding, Bob
performs the measurement M ≡

{1
2e1,

1
2e2,

1
2e3,

1
2e4
}

which is a convex mixture
(use of local randomness at decoding step) of the measurements M1 ≡{e1,e3} and
M2 ≡ {e2,e4} (see Fig.3.6). Bob visits the restaurant 3, 2 and 1, respectively when
the outcome corresponding to the effect e1/2, e2/2, and e4/2 clicks. For the effect
e3/2 he visits restaurant 1 and 2 with equal probability. It is a straightforward
calculation to check that both the conditions (h1) and (h2) are satisfied with this
strategy. In fact, it turns out that any H3(γ1.γ2,γ3) game can be perfectly won
with the Ply(4) system.
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FIG. 3.6 Strategy for the H3(1/3) game with communication of single Ply(4) system from
Alice to Bob (without shared randomness). Red dots denote Alice’s encodings.
Blue dashed lines are the effects proportional to Bob’s decoding measurement.

At this point, the work by Massar & Patra is worth mentioning [88]. They
have shown that the classical capacity (in Holevo sense i.e., in the asymptotic
limit) of n-gon system is 1 bit for even n, whereas it is larger than 1 bit for
odd n. In other words, all odd-gons have more communication utility than a
single classical bit. On the other hand, the authors in [53] have reported the
super-quantum communication utility of polygon models within the W-ANTV
communication scenario. More recently, the super-quantum communication
utility of n = 4 system (square bit) has been established within H-FW scenario
by considering suitable bipartite composition of this system [94]. Our restaurant
games, however, establish super-classical communication utility of all even
gon models in H-FW scenario from single copy consideration only. It might be
interesting to compare the communication utility of a qubit with polygon models
while playing the restaurant games. We defer this issue to the next section.

3.5 Greater shared randomness, greater utility
So far we have seen that the games Hn(γ1, · · · ,γn) proposed above have several
novel implications. On the one hand, they establish the important role of classical
shared randomness in enhancing the communication utility of a perfect classical
channel, on the other hand, they also establish the superiority of qubit (as
well as polygon systems) communication over a 1-bit classical channel in H-
FW communication scenario. In Section 3.2.3 it has also been shown that an
arbitrary H3(γ1,γ2,γ3) game can always be perfectly won when 1-bit of classical
communication is assisted with 1-bit of classical shared randomness. Here we
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propose a class of games to show that classical communication lines may need
more assistance of shared randomness for perfect winning.

Strict restaurant game: The game denoted as Hn[1/(n−1)]2 can be seen as
a stricter version of Hn(1/n). Here the conditions (h1) and (h2) are modified as
follows

(hs1) Bob never visits a closed restaurant, i.e. p(ib|ic) = 0, ∀ i ∈ {1, · · · ,n}.

(hs2) Whenever a certain restaurant is closed all other restaurants must be
visited with equal probability, i.e. p(ib| jc ̸= i) = 1

n−1 , ∀ i, j ∈ {1, · · · ,n}.

The visit matrix in Eq.(3.1) with this stricter winning conditions can be written
compactly as

p(ib| jc) =
1

n−1
(1−δi j), (3.20)

where δi j denotes the Kronecker delta. Note that, the condition (hs1) is exactly
same as the condition (h1). On the other hand, condition (hs2) always implies
condition (h2), but the converse is not the case in general, which makes this
game strict.

3.5.1 Unwinnability of H4[1/3] with 1-bit communication +1-bit shared
randomness

For the game H4[1/3] the winning conditions read as,

p(ib| jc) =
1
3
(1−δi j); i, j ∈ {1, · · · ,4}. (3.21)

As a physical source of classical shared randomness we can consider that Alice
and Bob share a two-qubit classically correlated state ρAB = λ |00⟩AB ⟨00|+(1−
λ ) |11⟩AB ⟨11|, with λ ∈ [0,1]. Outcomes s ∈ {0,1} of their σz measurement are
correlated in this state. They have 1-bit of shared randomness whenever λ = 1/2,
whereas λ ∈ {0,1} implies no shared randomness.

In assistant with 1-bit of shared randomness, the most general strategy that
Alice and Bob can follow is a convex mixture of two mixed strategies that can be
implemented as the following steps.

(S-1) Depending on the outcome s ∈ {0,1} of the measurement σz on her part of
the state ρAB and based on the information about the closed restaurant k ∈

2Please note that here we use ‘square bracket’ to denote the stricter version game Hn[⋆] to
make the distinction from its non-stricter version.
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{1, · · · ,4}, Alice tosses a 2 sided biased coin having the outcomes {0,1}. The
outcome probabilities of the coins are given by P(s)

k (0) = α
(s)
k and P(s)

k (1) =
1−α

(s)
k .

(S-2) Alice communicates the outcome of her coin toss to Bob through the 1-bit
classical channel.

(S-3) Depending on the outcome s ∈ {0,1} of σz measurement on his part of
the state ρAB, Bob prepares two 4 sided coins with outcomes {1, · · · ,4}
having the outcome probabilities r⃗(s) = (r(s)1 , · · · ,r(s)4 ) and q⃗(s) = (q(s)1 , · · · ,q(s)4 ),
respectively. Upon receiving 0 from Alice, he tosses the r⃗(s) coin and visits
the ith restaurant if ith outcome occurs. He follows a similar strategy with
the q⃗(s) coin if 1 is received from Alice.

With this strategy, the conditional probability p(mb|kc) that Bob visits mth restau-
rant provided the kth restaurant is closed, turns out to be,

p(mb|kc) =λ

[
α
(0)
k × r(0)m +

(
1−α

(0)
k

)
×q(0)m

]
+

(1−λ )
[
α
(1)
k × r(1)m +

(
1−α

(1)
k

)
×q(1)m

]
. (3.22)

The first condition (hs1) demands p(ib|ic) = 0, ∀ i ∈ {1, · · · ,4}, which consequently
implies,

∀ i, λ

[
α
(0)
i × r(0)i +

(
1−α

(0)
i

)
×q(0)i

]
+

(1−λ )
[
α
(1)
i × r(1)i +

(
1−α

(1)
i

)
×q(1)i

]
= 0. (3.23)

It is easy to argue that in absence of shared randomness, i.e. when λ ∈ {0,1},
the goal is impossible to achieve. For λ = 0 we have α

(1)
i × r(1)i +

(
1−α

(1)
i

)
×

q(1)i = 0 ∀ i ∈ {1, · · ·4}. This boils down to coming up with a partition X and
Y as discussed in Section 3.2.2. However, this scenario can be disregarded
immediately. As there are 4 restaurants, no matter which partition X and Y of
the restaurants we take, there must exist at-least 2 restaurants in either X or
Y . Now if two restaurants m and k belong to the same partition we must have
p(mb|kc) = 0; and hence violates the winning condition (hs2). A similar argument
holds for the case λ = 1. We now go on to show that even with the assistance of
shared randomness, i.e. for λ /∈ {0,1}, the goal is impossible to achieve. Since
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λ ∈ (0,1), to satisfy Eq.(3.23) we must have

α
(0)
i × r(0)i = 0,

(
1−α

(0)
i

)
×q(0)i = 0,

α
(1)
i × r(1)i = 0,

(
1−α

(1)
i

)
×q(1)i = 0,

∀ i ∈ {1,2, · · ·4}.

All four equations have products of two terms on the left side, and for each
pair, at least one term must be zero. This in turn leads to several possible
ways to satisfy the equations. The case where the left term of a particular
equation is 0 will be denoted by ‘0’, whereas ‘1’ will indicate the right term is 0.
So each restaurant must be assigned a four bit string indicating which of the
terms in these four equations are 0. For instance, lets say we assign a string
‘0110’ to the ith restaurant. The first bit of this string implies α

(0)
i = 0, second

implies q(0)i = 0, and similarly third and fourth imply r(1)i =
(

1−α
(1)
i

)
= 0. It

becomes immediate that the possibilities corresponding to the set of strings
{0000,0001,0010,0011,0100,1000,1100} are not allowed for any i ∈ {1, · · · ,4}. For
all these cases we have α

(s)
i = 1−α

(s)
i = 0 for at least one s ∈ {0,1}, which is

impossible. Furthermore, the possibility corresponding to the string ‘1111’ is also
not allowed for any i. In this case, although p(ib|ic) = 0 and hence the condition
(hs1) is satisfied, it turns out that p(ib| jc ̸= i) = 0 violating the condition (hs2).
Thus for any of the restaurants, the allowed possibilities are{

S1 = 0111, S2 = 1011, S3 = 1101, S4 = 1110,

S5 = 0101, S6 = 0110, S7 = 1001, S8 = 1010

}
.

We will use the notation i(Sd) to denote that ith restaurant is assigned the
string Sd. Let the string S1 = 0111 is assigned to the ith restaurant, then using
Eq.(3.22) we obtain p(i(S1)

b | jc) = λ [α
(0)
j × r(0)i ]. If the same string (S1) is assigned

to the jth restaurant for j ̸= i, then we must have α
(0)
j = 0. Consequently we have

p(i(S1)
b | j(S1)

c ) = 0, which violates the condition (hs2). Thus two different restaurants
cannot be assigned the same string, confining us to select 4 different strings for
4 different restaurants. It is important to note that for i ̸= j, p(i(S5)

b | j(S1)
c ) need

not be 0, although p(i(S1)
b | j(S5)

c ) = 0. We say that S1 is compatible with S5, but S5 is
incompatible with S1 as it violates (hs2). The list of compatible assignments of the
strings are listed in Table 3.2. To satisfy the condition p(mb|kc) = 1/3 ∀ (m ̸= k)
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String (Si) Strings compatible with Si

S1 S2, S3, S4, S7, S8

S2 S1, S3, S4, S5, S6

S3 S1, S2, S4, S6, S8

S4 S1, S2, S3, S5, S7

S5 S1, S2, S3, S4, S6, S7, S8

S6 S1, S2, S3, S4, S5, S7, S8

S7 S1, S2, S3, S4, S5, S6 , S8

S8 S1, S2, S3, S4, S5, S6, S7
TABLE 3.2 On the right column we list all the strings that are compatible with a given

string Sk; k ∈ {1, · · · ,8}. Although the string S1 is compatible with the string
S5 (see 5th row), S5 is not compatible with S1 (see 1st row).

we must select 4 strings that are compatible with each other. From Table 3.2
we only have two possible ways of selecting the strings: (i) ≡ {S1,S2,S3,S4} or
(ii) ≡ {S5,S6,S7,S8}. We are left to show that none of these two cases yields any
consistent solutions for all the variables

{
λ ,α

(s)
k ,⃗r(s), q⃗(s)

}
.

(i) {S1,S2,S3,S4}: Without loss of any generality we can choose the string Si

for ith restaurant. Then using Eq.(3.21) & Eq.(3.22) we obtain

p(1|2) = λ r(0)1 =
1
3
, p(1|3) = λα

(0)
3 r(0)1 =

1
3
,

p(2|1) = λq(0)2 =
1
3
, p(2|3) = λ (1−α

(0)
3 )q(0)2 =

1
3
.

A consistent solution does not exist for these equations.
(ii) {S5,S6,S7,S8}: Once again without loss of an generality we can choose the

string Si+4 for ith restaurant. Once agin Eq.(3.21) & Eq.(3.22) yield

p(1|2) = (1−λ )r(1)1 =
1
3
, p(1|3) = λ r(0)1 =

1
3
,

p(1|4) = λ r(0)1 +(1−λ )r(1)1 =
1
3
.

No consistent solution exists in this case too. Thus the game H4[1/3] is not possi-
ble to win with 1-bit of classical communication even when the communication
channel is assisted with 1-bit of classical shared randomness. Naturally, the ques-
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tion arises whether this game is winnable with 1-bit of classical communication
if more shared randomness is supplied.

Theorem 3. In the H-FW scenario the communication utility of 1 cbit channel is
increased as the amount of assisting shared randomness is increased from 1 bit
to log3 bit.

Proof. Although the game H4[1/3] cannot be won with 1-bit+1-SR resource, here
we will show that the goal can be perfectly achieved through a 1-bit classical
channel if more shared randomness are provided as assistance. The strategy is
described below.

Alice divides the restaurants into two disjoint partitions X and Y , such that
|X |= |Y |= 2. Alice sends 0 to Bob whenever a restaurant in X is closed, otherwise,
she sends 1. Bob visits the restaurants within the set Y (X) with uniform prob-
ability if he receives 0 (1) from Alice. Clearly, the condition (hs1) is satisfied as
Bob never visits a closed restaurant. Consider the following three partitionings
X and Y .

C-1: X = {1,2} & Y = {3,4},

C-2: X = {1,3} & Y = {2,4},

C-3: X = {1,4} & Y = {2,3}.

These correspond to three different strategies leading to three different visit
matrices

V1 =


0 0 1

2
1
2

0 0 1
2

1
2

1
2

1
2 0 0

1
2

1
2 0 0

 ,V2 =


0 1

2 0 1
2

1
2 0 1

2 0
0 1

2 0 1
2

1
2 0 1

2 0

 ,V3 =


0 1

2
1
2 0

1
2 0 0 1

2
1
2 0 0 1

2
0 1

2
1
2 0

 .

An equal mixture of these three strategies, which requires Alice and Bob to share
log3-bit of shared randomness, yields the resulting visit matrix

V=


0 1/3 1/3 1/3

1/3 0 1/3 1/3
1/3 1/3 0 1/3
1/3 1/3 1/3 0

 ,

which satisfies both the conditions (hs1) and (hs2).
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FIG. 3.7 Alice’s encodings (red dots) form a symmetric tetrahedron inscribed within
the Bloch sphere. For decoding Bob performs SIC-POVM corresponding to the
inverted tetrahedron (blue dots) of Alice’s encoding tetrahedron.

Hn[1/(n−1)] : The above protocol can be generalized for Hn[1/(n− 1)] game
with 1-bit of classical communication assisted with log(n− 1)-bit of SR. Alice
sends 0 and 1 to direct Bob to visit k-th and (k+ 1)-th restaurant respectively,
where k ∈ {1,2, · · · ,(n−1)}. The value of the k will be identified by the outcomes
{1,2, · · · ,(n − 1)} of the SR, so it requires log(n − 1)-bit of SR. Whenever the
m-th restaurant (m ∈ {2,3, · · · ,(n− 1)}) is closed, Alice communicates 0 and 1
respectively for every k ∈ {1, · · · ,(m−1)}-th and k ∈ {m, · · · ,(n−1)}-th outcomes
of the SR. On the other hand, if the 1-st or, n-th restaurant is closed, then Alice
will communicate 0 and 1 respectively, independent of the SR outcomes. It is
easy to verify that the strategy satisfies both the required conditions.

Remark 1. At this point it is important to note that a Hn[1/(n−1)] game cannot
be won with a qubit communication alone, whenever n ≥ 5. This establishes the
‘order of merit’ Q≺instC+SR as listed in Table 3.3.

3.5.2 Perfect winnability of H4[1/3] with qubit strategy

Although the game H4[1/3] cannot be won with 1-bit communication +1-bit
shared randomness, the goal can be achieved through a qubit communication
without any assistance of classical shared randomness. Alice sends the qubit
state |ψi⟩ when the ith restaurant is closed. The Bloch vectors corresponding the
encoded states are respectively
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1 7→ |ψ1⟩ ≡ (0,0,1)T,

2 7→ |ψ2⟩ ≡

(
2
√

2
3

,0,
−1
3

)T

,

3 7→ |ψ3⟩ ≡

(
2
√

2
3

cos
2π

3
,
2
√

2
3

sin
2π

3
,
−1
3

)T

,

4 7→ |ψ4⟩ ≡

(
2
√

2
3

cos
4π

3
,
2
√

2
3

sin
4π

3
,
−1
3

)T

.

The encodings form a symmetric tetrahedron within the Bloch sphere (see
Fig.3.7). For decoding, Bob performs the measurement M (4)≡

{
πk := 1

2 |ψ
⊥
k ⟩⟨ψ⊥

k |
}4

k=1
and visits the kth restaurant if outcome corresponding to the effect πk is observed.
Note that, the decoding corresponds to the SIC-POVM described by the tetrahe-
dron inverted to the encoding tetrahedron. The fact, Tr(|ψi⟩⟨ψi|πk) =

1
3 (1−δik)

ensures perfect winning of the game H4[1/3]. For the comparison of resources
we will use R1 ≺inst R2 to imply that there is some instance where R2 is strictly
better than R1, while in a different instance their utilities might be in reverse
order. So by considering the H4[1/3] game we conclude the following theorem.

Theorem 4. There exist a task in the H-FW scenario where the utility of 1 qubit is
higher than the utility of 1 cbit with the assistance of 1 bit of shared randomness
i.e. C+1SR ≺inst Q.

3.5.3 Unwinnability of H4[1/3] with Polygons

To ensure that condition (hs1) with a polygon system, Alice’s must choose her
encodings {ωi}4

i=1 from the boundary of the polygon. Otherwise, no effect in
a polygon model will yield zero probability for a given encoding state. For
an ei if we move towards the effect ẽi, with ei and ẽi forming a measurement,
the probability of observing the effect ei decreases gradually. For the game
H4[1/3], the decoding strategy of Bob must be a 4 outcome measurement M (4)≡{
(αi,ei) | ∑

4
i=1 αiei = u

}
such that Bob visits ith restaurant when the outcome

corresponding to the effect ei is observed. For Alice’s encoding {ω j}4
j=1 the

winning condition of H4[1/3] demands αieT
i ω j =

(
1−δi j

)
/3

For any effect ei there exists an state ω j such that eT
i ω j ≤ 1

3 < eT
i ω j+1. Let

the first encoding state is pω j +(1− p)ω j+1, where p ∈ [0,1). Symmetry of the
state spaces imply that probability of observing ei on any state ω j is same as
that on the state ω∗

j , where ω∗
j is the mirror image of ω j about the line joining
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FIG. 3.8 For any polygon theory the probability of observing an effect ei on a state ω j

keep decreasing as the state moves from ei towards ẽi. Since ei and ēi form a
measurement, i.e., ei + ēi = u, the mirror image ω∗

j of any state ω j about the
line passing through ei and ẽi will give the same probability of occurrence the
effect ei.

ei and ẽi, where ei + ēi = u (see Fig. 3.8). Therefore, the second encoding state
must be pω∗

j +(1− p)ω∗
j+1, which is the mirror image of the first encoding state

about the line joining ei and ēi. As the probability of observing the effect ei keeps
decreasing gradually as the choices of the encoding state move away from ei to ēi,
there will not be a third encoding state yielding the winning probability for the
effect ei. Thus, a set of 4 distinct encoding states does not exist that satisfy the
winning condition. So as a comparison of different communication resources we
can establish the following theorem.

Theorem 5. There exist a task in the H-FW scenario where in the absence of
any preshared correlation the utility of 1 qubit is greater than 1 polygon bit i.e.
Polygon≺inst Q.

3.6 Order of merit
Present work along with some recent works put interesting ‘order of merit’
among different communication resources to compare their utility in the H-FW
communication scenario. Following three different ordering relations we will
use.

• A resource R1 will be same as a different resource R2, denoted as R1 = R2

if for any communication task within H-FW scenario they provide same
utility.
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• We will denote R1 ≼ R2 if R2 is as good as R1 for any such task and there
exist at-least one task where R2 yield a strictly greater utility than R1.

• Finally, R1 ≺inst R2 will imply that there is some instance where R2 is
strictly better than R1, while in a different instance their utilities might be
in reverse order.

A few important orderings are listed in Table 3.3.

Order of merit Task

Q ≼ Q + 1 ebit PRL 69, 2881 (1992)

C ≼ C + 1 ebit Quantum 6, 662 (2022)

C+SR=Q+SR CMP 340, 563 (2015)

C ≼ C+SR Hn(γ1, · · · ,γn) : Section 3.2.3

C≼ Q H3(γ1,γ2,γ3) : Section 3.3

C≼ 2n-gon Hn(1/n) : Section 3.4.2

C+ 1 SR≺instQ H4[1/3] : Section 3.5.2

C+1 SR≼ C+log3-SR H4[1/3] : Section 3.5.1

Polygon≺inst Q H4[1/3] : Section 3.5.3

Q≺instC+SR Hn[1/(n−1)], n ≥ 5 : Section 3.5.1

Q+SR≺instC+1 ebit Quantum 6, 662 (2022)
TABLE 3.3 Utility of different resources in H-FW scenario. Here Q denotes a perfect

qubit channel and C is a perfect 1-bit classical channel. When we write just
‘SR’ it means unbounded amount of this resource is allowed.

3.7 Making the quantum advantage noise-robust
Noise is an inevitable enemy of any communication line. In quantum scenario
this is even more prominent as a little bit of thermal noise can destroy the
encodings. Furthermore, due to measurement impression it might not be possible
to perform the intended decoding measurement exactly. So it is quite important
to investigate whether the quantum advantage reported above persists under
a noisy circumstance. Here we mainly analyse the H3(1/3) game. A similar
analysis is possible for other cases too. Note that any kind of noise that affects
the entire Bloch sphere symmetrically, known as depolarizing (D) noise, does
not change the visiting probability p(mb). Experimentally such a noise can arise

https://doi.org/10.1103/PhysRevLett.69.2881
https://doi.org/10.22331/q-2022-03-01-662
https://doi.org/10.1007/s00220-015-2463-0
https://doi.org/10.22331/q-2022-03-01-662
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when Alice is not able to prepare the ideal quantum preparations ρk =
1
2 [I+ n̂k · σ⃗ ],

rather n̂k takes values uniformly from a cone in the Bloch sphere that subtends
solid angle Ω at the origin with axis n̂k (see Fig.3.9). For such a noise Dε , specified
by depolarizing parameter ε ∈ [0,1], a state ρk =

1
2 [I+ n̂k .⃗σ ] gets modified as

Dε(ρk) := (1− ε)ρk + ε
I
2
=

1
2
[I+(1− ε)n̂k .⃗σ ]

=
1
2
[I+Dε(n̂k).⃗σ ], Dε(n̂k) := (1− ε)n̂k. (3.24)

Similarly, the POVM elements πk =
1
3 [I− n̂k · σ⃗ ] get modified to,

Dε(πk) := (1− ε)πk + ε
I
3
=

1
3
[I+(1− ε)n̂k .⃗σ ]

=
1
3
[I−Dε(n̂k).⃗σ ], Dε(n̂k) := (1− ε)n̂k. (3.25)

Consider that both Alice’s encoding and Bob’s decoding get affected with such
noises Dεe and Dεd , respectively. For the game H3(1/3), due to the symmetric
nature of the noise, Bob’s probability of visiting a restaurant will remain the
same as before, i.e. p(mb) = 1/3. However, there is a finite probability of visiting a
closed restaurant by Bob, with the probability depending on the noise parameters

FIG. 3.9 Noise robust quantum protocol for the game H3(1/3). Under a depolarizing
noise the encoded states get shrieked within the Bloch sphere. Both the
encoded states and decoding effects are assumed to undergo such noise.
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FIG. 3.10 Trade-off in the noise parameters εe and εd allowing quantum advantage in
H3(1/3) when both the encodings and decoding experience depolarizing noise.

εs and εe. The probability of visiting the kth when it is closed is,

p(kb|kc) = Tr
[
Dεs]e(ρk)Dεd(πk)

]
=

1
3
(εe + εd − εeεd). (3.26)

If a classical strategy without shared randomness is used, and we put the
conditions that (hn1) a closed restaurants can be visited with probability less than
1/6 and (hn2) Each restaurant must be visited with equal probability, then no
solution exists; here the sub-index n is used to denote that the perfect conditions
is modified for noisy case. In other words, there is no classical mixed strategy
without shared randomness that satisfies the conditions:

p(mb) =
1
3

& p(mb|mc)<
1
6
, ∀m ∈ {1,2,3}. (3.27)

Therefore, a noisy quantum strategy gives advantage over any classical mixed
strategy whenever noise parameters εs and εe are small enough to obey the
condition (εe + εd − εeεd)< 1/2 as illustrated in Fig 3.10. At this point, one may
wish to analyze a different type of noise in quantum systems and carry out
the analysis along the lines that we have done above. For such purposes it is
convenient to define a function that captures the error obtained while trying to
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play our restaurant game. One such function is given by

E (s) =
1
3 ∑

i

[
ps(ib|ic)+(γs

i −1/3)2] ; (3.28)

where γs
i := 1

3 ∑
3
j=1 ps( jb|ic) and ‘s’ denotes the strategy followed by Alice and Bob.

The collective aim of Alice and Bob is to come up with a strategy that optimize
this error. For a perfect strategy (sp) that satisfies both (h1) and (h2) we have
E (sp) = 0. A general mixed strategy is characterized by 7 parameters – 3 for
three different 2-faced coins on Alice’s part and 4 for two 3-faced coins on Bob’s
part. Using Monte Carlo simulation over this 7-parameter space we find that
for classical mixed strategies, E (s) is lower bounded by 0.108. Thus any noisy
quantum strategy, having the error value less than this value will establish the
quantum advantage. This advantage of the qubit system over the cbit has been
demonstrated experimentally [95].

3.8 Discussion
Our work brings to the forefront the efficacy of classical shared randomness in
empowering the utility of classical communication. Although there has been
a lot of research towards exploring the advantages of common-past resources
to empower direct-communication resources, most of the investigations have
been directed towards studying non-classical resources [7, 49]. At this point, it
should be noted that nontrivial utility of classical shared randomness has also
been studied in Reverse Shannon Theorem, both in classical and in quantum
scenarios [96, 97, 48, 98]. In particular, the Ref.[48] is worth mentioning, where
zero-error communication is studied using one classical channel to simulate
another exactly in the presence of various classes of non-signalling correlations
between sender and receiver i.e., shared randomness, shared entanglement and
arbitrary non-signalling correlations. It has been shown that while presence
of classical shared randomness can be advantageous over the no correlation
scenario, entanglement resources can provide further improvement over shared
randomness. This in turn puts hierarchy among different kinds of additional
resources in the form of shared correlations. Important to note that no limitation
on the amount of shared correlation is considered in this analysis. Our results
are one step forward in this respect as it consider only finite amount of shared
randomness which leads to comparison among different amount of same type
of shared correlation. For instance, perfect winning of our strict game is not
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possible with 1 cbit+ 1 bit SR, while log3 bit SR along with 1 cbit suffice the
purpose.

Our proposed games are also important to reveal quantum advantage in the
simplest communication scenario. While perfect winning of some games require
shared randomness along with 1-bit of classical communication, in quantum
scenario they can be won with 1-qubit communication alone. Importantly the
advantage persists under experimental noises and hence welcomes novel exper-
iments to implement the quantum protocol with presently available quantum
technologies. The authors in Ref.[95] have experimentally demonstrated this
quantum advantage. Our restaurant games along with their variant turn out to
be useful for putting nontrivial ‘order of merit’ among different combinations of
communication resources as tabled in Section 3.6.

The other important aspects are the no-go results established in Section 3.4.1,
which prove that an advantage of qubit over classical bit must invoke quantum
superposition both at the encoding and decoding steps. Our proposed game
also opens up the opportunity to certify properties of different communication
resources. Alice and Bob can certify the presence of direct communication
resources by considering the Hn(1/n) game, as the input of Alice is completely
random to Bob without any direct communication. If the direct communication
resource is restricted to 1 cbit they will not be able to win Hn(1/n) game for
any odd n without any preshared correlation. This can be useful in a practical
scenario to verify the existence of preshared correlation between Alice and Bob
by allowing them only 1 cbit direct communication.



Chapter 4

Study of resources in prepare and
measure scenario

4.1 Introduction
Quantum information theory aims to harness the unique properties of quan-
tum systems to develop communication protocols that are not achievable using
classical Shannon theory [1]. For instance, in the quantum protocol of super-
dense coding, a sender (Alice) can transmit two classical bits of information
to a distant receiver (Bob) using just a two-level quantum system, provided
that Alice’s system is entangled with a system held by Bob [7]. The presence
of quantum entanglement enables this communication task, which is impossi-
ble in classical systems. However, without entanglement, the communication
capabilities of quantum systems are fundamentally limited. For example, the
Holevo theorem puts a constraint on the amount of classical information that
can be extracted from a quantum system, limiting it to no more than n classical
bits for n quantum bits [23]. A more recent and stringent result by Frenkel and
Weiner demonstrates that the classical information storage capacity of a d-level
quantum system is equivalent to that of a classical system with d states [24].

The aforementioned results indicate that a quantum system, without en-
tanglement, may not be superior to its classical counterpart for transmitting
classical information. However, the situation is more complex. For example,
consider a communication task in the W-ANTV Scenario (see Section 2.3.2),
where Alice and Bob receive random variables x ∈ X and y ∈ Y respectively, and
Bob aims to compute a function f (x,y). These scenarios, aimed at computing
functions or relations f on X ×Y , are known as communication complexity.
Ambainis et al. have considered the task in this scenario where a n-bit message
is sent to Alice and Bob aims to recover an arbitrary bit with high success proba-
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bility [26, 51]. They have shown that encoding the original message in the state
of a 2-level quantum system (a qubit) yields higher success probability than
the corresponding optimal strategies with a classical bit. When using classical
resources, this task is commonly known as random access code (RAC), while
the quantum version is called quantum-RAC (QRAC). Historically, the problem
was first studied by Stephen Wiesner in a paper called "Conjugate Coding" [25].
However, the works of Ambainis et al. have renewed interest in this problem, and
subsequent researchers have studied RAC/QRAC in connection with quantum
communication complexity (see [29] and references therein), particularly in the
context of network coding and locally decodable codes [99–104]. More recently,
the problem of RAC and its variant, Parity-Oblivious Multiplexing, have been
shown to have deep foundational implications [60, 105, 54, 106].

Although the benefits of quantum systems in reducing communication com-
plexity have been extensively studied, not enough attention has been given to
exploring the advantages of other operational theories. In this work, we consider
a scenario where individual systems are assumed to be quantum, but their
composition follows the NS condition. Even for two quantum systems, several
consistent compositions are possible, with quantum being just one example. The
state space of the resulting system lies between two extremes - the maximal
tensor product state space and the minimal tensor product state space [107]. The
maximal state space allows exotic joint states that are not allowed in quantum
theory, while the minimal state space only allows separable states. It has been
found that the system obtained through the maximal tensor product of two
elementary quantum systems has advantages over quantum composition. This
is noteworthy because all the NS correlations obtained from beyond quantum
states are actually quantum simulable and therefore cannot yield nonlocal corre-
lations beyond quantum [29]. Furthermore, we demonstrate that the minimal
tensor product composition of two elementary quantum systems also provides
an advantage in communication complexity. This is even more remarkable as
the resulting theory is local by construction. Our work thus establishes a novel
yet unexplored communication complexity advantage of different compositions
of local quantum systems.

4.2 Random Access Code (RAC)
Random Access Code (RAC) is a distributed computational task where Alice
receives a string of N independent bits, a = (a1, · · · ,aN) randomly sampled from
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{0,1}N , and Bob receives a random value of b ∈ {1, · · · ,N}. The data set a is
encoded by sender, Alice, in smaller system of dimension d. Then the encoded
system is sent to the receiver, Bob aims to retrieve the value of the bth bit of Alice
and output β ∈ {0,1} as the guess for the random variable ab (see Fig.4.1). They
can also share classical shared randomness which can be utilized to correlate
their strategies. we will call this (N,d)RAC game, and the average success
probability of this task is given by

PN,d =
1

N2N ∑
a∈{0,1}×N

N

∑
b=1

P(β = ab|a,b).

Another quantifier for the efficiency of the collaborative strategy for (N,d)RAC is
also given by

IN,d =
N

∑
k=1

I (ak : β | b = k) , (4.1)

FIG. 4.1 [(N,d)RAC game] Referee provides a randomly chosen N-bit string a ∈ {0,1}N

to Alice and a random value b ∈ {1, · · · ,N} to Bob. Bob aims to correctly guess
the bth bit of Alice’s string, i.e., to yield the outcome β = ab. Alice and Bob can
share classical Shared Randomness. Additionally, she can send some physical
system carrying a bounded amount of information to Bob.
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where I (ak : β | b = k) is the Shannon’s mutual information between the kth bit
of Alice and Bob’s guess β , computed under the condition that Bob has received
b = k. If Alice communicates m-cbits to Bob then the efficiency is upper bounded
by IN,d ≤ m. This condition is satisfied even when Alice communicates m-qubits
to Bob with whom she may pre-share some classical correlation only, which we
assume throughout the work.

4.3 Composition of elementary Quantum system
In the aforesaid game, Alice can communicate some abstract physical system
to Bob. Within the mathematical framework of generalized probability theory
(GPT) [28, 108–110] such an elementary system S can be specified by the tuple
of normalized state and effect spaces, i.e. S ≡ (Ω,E ). Sometimes it is convenient
to deal with unnormalized states and effects that form convex cones embedded
in some Rn. A GPT also captures the description of the composite system SAB ≡
(ΩAB,E AB) consisting of component subsystems SA ≡ (ΩA,E A) and SB ≡ (ΩB,E B).
Under the restriction of NS and local tomography [111] the composite state
space ΩAB lies in between two extremes – (i) the maximal tensor product state
space and (ii) the minimal tensor product state space [107]. For instance, the
state cone of a quantum system associated with a Hilbert space H is the set
of positive semidefinite operators P(H ) ⊂ L (H ) acting on H , whereas the
normalized states are the set of density operators D(H ); here L (H ) denotes
the set of all linear operators acting on H . For two quantum systems associated
with Hilbert spaces H A and H B respectively, the state cone for maximal tensor
product system is given by

Ω
AB
+ [max] := {W ∈ L (H A ⊗H B)|Tr[W (πA ⊗πB)]≥ 0

∀πA ∈ P(H A) and ∀πB ∈ P(H B)}.

Clearly, ΩAB
+ [max] contains all the quantum states P(H A ⊗H B), and further-

more it encompasses states that are not allowed in quantum theory. For example,
entanglement witnesses that are not bona-fide quantum states [41] are valid
states in this composite model. The effect cone is constructed following the
no-restriction hypothesis that allows all mathematically consistent effects in the
theory [112]:

E AB
+ [max] := {π | π = ∑

i
π

A
i ⊗π

B
i ; π

A
i ∈ P(H A) & π

B
i ∈ P(H B)}.



4.4 Advantage of extremal composition in measure and prepare scenario | 67

FIG. 4.2 Different possible compositions of two elementary quantum systems. Left:
minimal tensor product composition – allows only separable states but effect
cone is enlarged. Right: maximal tensor product composition – allows only
separable effect but state cone is enlarged. Middle: quantum composition,
state, and effect cones are identical (self-dual).

As it turns out E AB
+ [max] also forms a cone which is dual to the state cone

ΩAB
+ [max]. On the other extreme, the minimal tensor product contains only

separable states, but the effect space gets enlarged here. More particularly, the
role of state and effect cones of the maximal tensor product are interchanged in
the minimal case, i.e.,

Ω
AB
+ [min] := E AB

+ [max] & E AB
+ [min] := Ω

AB
+ [max].

Quantum composition lies in between and the state and effect cones becomes
self dual in this case, i.e., ΩAB

+ [Q] = P(H A ⊗H B) = E AB
+ [Q]. The main objective

of the present work is to see whether a particular composition can be more
advantageous in (N,d)RAC game. At this point, it should be noted that all
these three compositions have identical information capacity [113, 56, 114]. The
information capacity of a system is defined as the maximal number of perfectly
distinguishable states in a single shot measurement and intuitively it captures
the amount of classical information that can be transferred perfectly by sending
one copy of the system.

4.4 Advantage of extremal composition in measure and
prepare scenario

Let us consider the (3,d)RAC game. If Alice communicates 2-cbits or 2-qubits (in
quantum composition) to a classically correlated Bob then the efficiency of their
collaborative strategy I3,4 satisfies the bound I3,4 ≤ 2. This bound follows from the
satisfaction of the Information Causality principle [32]. Our next results show
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that this bound is not true in general if we consider other composition structures
between two qubits.

Input Alice’s Bob’s decoding
string encoding 1st → XX 2nd → YY 3rd → ZZ
000 Γ(φ+) 1 1 1
001 ψ+ 1 1 0
010 φ+ 1 0 1
011 Γ(ψ+) 1 0 0
100 φ− 0 1 1
101 Γ(ψ−) 0 1 0
110 Γ(φ−) 0 0 1
111 ψ− 0 0 0

I(ak : β | b = k) 1 1 1
I3,4 := ∑

3
k=1 I(ak : β | b = k) = 3 > 2

TABLE 4.1 Prefect strategy for (3,4)RAC game with communication of two qubits in
maximal tensor product. Here, |φ±⟩ := (|00⟩± |11⟩)/

√
2 and |ψ±⟩ := (|01⟩±

|10⟩)/
√

2. For each bit of Alice, Bob has a perfect decoding strategy yielding
I(ak : β | b = k) = 1 ∀ k ∈ {1,2,3}. As a result, we have I3,4 = 3 > 2 and hence
the resulting theory is more advantageous over quantum composition.

Theorem 6. Maximal tensor product of two elementary quantum systems is more
advantageous over their quantum composition in (3,4)RAC game.

Proof. Let us denote Γ(ψAB) := IA ⊗TB(ψAB), where I is the identity map, T is the
transpose map, and ψ := |ψ⟩⟨ψ|. Clearly, for any |ψ⟩AB ∈C2⊗C2 we have Γ(ψAB)∈
Ω[C2⊗maxC2] and hence in maximal tensor product theory such states are allowed
for Alice’s encodings. The explicit encodings are shown in Table 4.1. For decoding,
Bob performs suitable product measurement on the encoded state received from
Alice based on the bit b ∈ {1,2,3} he obtained, and guesses the corresponding
bit value based on the measurement outcome. For instance, by ZZ we denote
the product measurement {|00⟩AB ⟨00| , |01⟩AB ⟨01| , |10⟩AB ⟨10| , |11⟩AB ⟨11|} and we
denote the coarse-grained outcome as ‘c’ (correlated) when projector on |00⟩ or
|11⟩ clicks, else the outcome is denoted as ‘ac’ (anti-correlated). In Table 4.1 we
also list the probability of obtaining correlated outcomes for three such decoding
measurements (defined analogously) of Bob. It is now straightforward to see
that the resulting encoding-decoding strategy more advantageous if Bob guesses
the bit value 0 for the outcome ‘c‘, else he guesses the value 1.
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The work of Ref.[115] is also worth mentioning at this point. There it has
been shown that in the standard Bell experiment scenario all the NS correlations
obtained in maximal tensor product theory are in fact quantum simulable hence
beyond quantum nonlocal correlation is not possible there. Despite this, our
Theorem 6 shows that maximal composition is more advantageous. In this
respect our next result is even more striking as it deals with a model that
contains only local correlations in Bell scenario.

Theorem 7. Minimal tensor product of two elementary quantum systems is more
advantageous over their quantum composition in (3,4)RAC game.

Proof. In this case, only the product states of C2⊗C2 system are available to Alice
for encoding her strings. The encoding scheme is listed in Table 4.2. However,
Bob’s decodings can be more versatile here as E AB[min]> E AB[Q]> E AB[max]. For

Input Alice’s Bob’s decoding
string encoding 1st → M1 2nd → M2 3rd → M3

000 |+⟩ |+⟩ 1 1 1/2
001 |−⟩ |−⟩ 1 1 1/2
010 |0⟩ |0⟩ 1 0 1
011 |1⟩ |1⟩ 1 0 0
100 |0⟩ |1⟩ 0 1 0
101 |1⟩ |0⟩ 0 1 1
110 |+⟩ |−⟩ 0 0 1/2
111 |−⟩ |+⟩ 0 0 1/2

I(ak : β | b = k) 1 1 ≈ 0.19
I3,4 := ∑

3
k=1 I(ak : β | b = k)≈ 2.19 > 2

TABLE 4.2 Advatage in (3,4)RAC game with minimal tensor product composition of two
elementary qubits. Since the theory allows only product states the input
strings are encoded in product states only. Here |±⟩ := (|0⟩± |1⟩)/

√
2. In the

rightmost three columns outcome probabilities of the effect Ei’s are listed on
the encoding states.
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decoding the ith bit Bob performs the measurement Mi := {Ei, Ēi := I4−Ei}, where

E1 :=


1 0 0 1

2
0 0 1

2 0
0 1

2 0 0
1
2 0 0 1

 , E2 :=


0 0 0 1

2
0 1 1

2 0
0 1

2 1 0
1
2 0 0 0

 ,

E3 := I2 ⊗
1
2
(I2 +σz).

and guesses the bit value as 0 if the effect Ei clicks, else he guesses 1. Being a valid
quantum measurement M3 is allowed measurement in minimal tensor product
theory. Furthermore, on an arbitrary two-qubit product state ρmn =

1
2(I2 + m⃗.σ)⊗

1
2(I2 + n⃗.σ) we have, Tr[E jρmn] =

1
2 [1+mxnx + (−1)( j+1)mznz] ≥ 0 and Tr[Ē jρmn] =

1
2 [1−mxnx − (−1)( j+1)mznz] ≥ 0 for j ∈ {1,2}, that in turn assure M1 & M2 to be
the bona-fide measurements in minimal tensor product theory. The outcome
probabilities of the effects Ei’s on the encoded states are also listed in Table 4.2.
The resulting encoding-decoding strategy yields I3 ≈ 2.19 > 2, establishing an
advantage in (3,4)RAC game.

Although the minimal composition of two elementary quantum systems is more
advantageous (Theorem 7), but, unlike the maximal composition we could not
come up with a perfect strategy for (3,4)RAC game here (see Theorem 6). In fact,
at present, we do not know whether I3,4 = 2.19 is the optimal success of (3,4)RAC
game with minimal composition of two qubits, and we leave this question here
for future research.

4.5 Discusssion
The concept of composition is a key tool in shaping our worldview. While complex
objects are typically made up of elementary components, certain compositions
are considered implausible or counterintuitive [116]. This notion is also crucial
when constructing theories in Physics [117–119]. In this work, we explore the
role of different allowed compositions when dealing with multiple quantum
systems. Notably, we demonstrate that, in the context of the (3,4)RAC task,
different compositions of local quantum systems offer advantages over their
quantum compositions. This advantage stems from the fact that communication
tasks involve the preparation (for encoding) and measurement (for decoding)
of the systems in question, making them more sensitive to structure. We have
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focused on the role of bipartite composition in communication tasks, leaving the
study of multipartite compositions for future work.





Chapter 5

Certification of communication
resources and their implications

5.1 Introduction
Correlations among distant events established through the violation of Bell
type inequalities confirm nonlocal behavior of the physical world [14, 15, 62,
68]. Nonseparable multipartite quantum states yielding such correlations, in
Schrödinger’s words, are “...the characteristic trait of quantum mechanics, the
one that enforces its entire departure from classical lines of thought" [12]. The
advent of quantum information science identifies the power of such nonlocal
correlations in numerous device-independent protocols – cryptographic key dis-
tribution [120], randomness certification [10] and amplification [11], dimension
witness [121] are few canonical examples. To harness these resources in practical
application, we must be able to certify their existence.

A fundamental approach to certifying quantum correlations, states and mea-
surements in device-independent and semi-device-independent manner involves
Bell inequalities. Let us consider a scenario where Alice and Bob share some bi-
partite system ρAB between them and the measurement choices of Alice and Bob
are labeled by x and y yielding the output a and b respectively. If the correlation
P(a,b|x,y) obtained by them violates any Bell inequality i.e. B (P(a,b|x,y)) > β

it will certify the entanglement of the shared state ρAB in a device-independent
manner. The maximal violation of Bell CHSH inequality certifies the two-qubit
maximally entangled states[122, 123]. Later a variety of quantum states have
been proven to be self-testable e.g. All pure two-qubit states[124], maximally
entangled pairs of qutrits[125], partially entangled pairs of qutrit violating
CGLMP maximally[126, 127], etc. Even though the violation of Bell-CHSH
inequality can certify the two-qubit maximally entangled states Cirel’son’s result
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[36], however, establishes that the nonlocal strength of quantum correlations is
limited compared to the general no-signalling (NS) ones [37].

To better understand these fundamental limits of quantum nonlocality and ex-
plore possible extensions beyond standard quantum mechanics, researchers have
proposed alternative theoretical frameworks. Here, we consider a class of theo-
ries wherein local measurements are described quantum mechanically, but they
allow global structure more generic than quantum theory [128, 129, 115, 130–
132]. Gleason-Busch celebrated result in quantum foundations proves that any
map from generalized measurements to probability distributions can be written
as the trace rule with the appropriate quantum state [133, 134] (see also [135]).
This theorem, when appraised to the case of local observables acting on multi-
partite systems, hence called the unentangled Gleason’s theorem, endorses the
joint NS probability distributions to be obtained from some Hermitian operator
called the positive over pure tensors (POPT) state [128, 129], which can also
be obtained from Maximal tensor product of qubits. Although the set of POPT
states is strictly larger than the set of quantum states (density operators), in
a recent work, Barnum et al. have shown that the set of bipartite correlations
attainable from the POPT states is precisely the set of quantum correlations
[115]. This implies that certifying the maximal tensor products of local qubits
(POPT) from quantum states is impossible in standard Bell scenario.

In this chapter, we analyze the correlations of multipartite POPT states
obtained from local measurements performed on their constituent parts by con-
sidering a generalized Bell scenario as introduced in [66]. While in the standard
Bell scenario, spatially separated parties receive some classical inputs and ac-
cordingly generate some classical outputs by performing local measurements on
their respective parts of some composite system, recently Buscemi has general-
ized the scenario where the parties receive quantum inputs instead of classical
variables [66]. In this generalized scenario, he has shown that all entangled
states exhibit nonlocality, despite some of them allowing local-hidden-variable
(LHV) model in classical input scenario [21, 136, 137]. Considering this gener-
alized scenario, here we show that not all correlations obtained from bipartite
POPT states are quantum simulable. In fact, every beyond quantum POPT state
produces some beyond quantum correlation in some quantum input games. Our
results paves the way for certifying the maximal tensor products of local qubits
using this semiquantum games. On the other hand, to illustrate the limitations
of the standard Bell scenario, we show that there are POPT states that produce
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classical-input-classical-output correlations that are not only quantum simulable
but rather simulable classically. Our result shows that the strong claim made by
the authors in [115] will not be correct anymore in this generalized Bell scenario
which, as we will show, is allowed within the framework of local quantum theory.

These semi-quantum games provide a method for certifying states arising
from the maximal composition of local quantum systems. In the previous chapter,
we examined the communication advantages of both minimal and maximal
compositions of local quantum systems within the framework of the RAC task.
In this chapter we have also explores the foundational implications of these
advantages. Specifically, we have demonstrated that both minimal and maximal
compositions violate the principle of information causality [32].

5.2 Gleason’s Theorem
We investigate the class of locally quantum theories studied in a series of works
in the recent past [128, 129, 115, 130, 131]. In accordance with these works, we
say that Alice is locally quantum if her physical system is described by a Hilbert
space HA with dimension dA and her measurements MA are given by a collection
of effects corresponding to positive-operator-valued measurement (POVM) [138]
operators {πa

A}a acting on HA and satisfying the constraint ∑a πa
A = IA; where

∀ a, πa
A ∈P(HA)⊂L (HA), with P(HA) and L (HA) respectively denoting the set

of all positive operators and bounded linear operators acting on HA; and IA is the
identity operator on HA. The probability p(a|MA) that Alice obtains an outcome
a for measurement MA ≡ {πa

A}a is given by a generalized probability measure
µ : P(HA) 7→ [0,1], satisfying the properties (i) ∀ πa

A ∈ P(HA), 0 ≤ µ(πa
A)≤ 1, (ii)

µ(IA) = 1, and (iii) µ(∑i π i
A) = ∑i µ(π i

A) for any sequence π1
A,π

2
A · · · with ∑i π i

A ≤ IA.
Each probability measure µ corresponds to a ‘state’ in the local quantum theory.
We can make the association with the familiar quantum theory in which states
are described by density operators by invoking the Gleason-Busch theorem
according to which any such generalized probability measure is given by a linear
functional of the form µ(πa

A) = Tr(ρAπa
A), for some density operator ρA ∈ D(HA);

D(HA) denotes the set of positive operators with unit-trace on HA.
Interesting situations arise when the theorem is generalized to the case

of local observables acting on multipartite systems. Each party is assumed
to be locally quantum as described above, with the ith party performing the
measurement MAi ≡ {πa

Ai
}a. The ‘state’ is now given by a probability measure

µ : ×n
i=1P(HAi) 7→ [0,1]. According to Unentangled Gleason’s theorem [128, 129],
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any such functional µ satisfying the no-signalling condition is of the form
µ(πa1

A1
, · · · ,πan

An
) = Tr[W (πa1

A1
⊗ ·· · ⊗ π

an
An
)], where W is a Hermitian, unit trace op-

erator. Thus, the ‘states’ of multipartite locally quantum theory are in one-to-one
correspondence with the operators W . W , being positive over all pure tensors,
is called a POPT state. However, positivity of W over entangled effects is not
assured and such a non-positive W can act as an entanglement witness operator
[139]. We will denote the set of POPT states as W (

⊗
i HAi) which is same as the

maximal tensor product of local quantum systems i.e. W (
⊗

i HAi)≡ Ω+[max] and
it includes D(

⊗
i HAi) as a proper subset. W will be called ‘beyond quantum state’

(BQS) whenever W ∈ W (
⊗

i HAi)\D(
⊗

i HAi). To certify the correlations obtained
from BQSs, we briefly review the standard Bell scenario.

5.3 Standered Bell Scenario
A multipartite Bell scenario can be described as the following prover-verifier
task. n distant verifiers A1,A2, · · · ,An have their own source of classical indices
si ∈ Si. With the aim to verify some global property of a composite state prepared
by a powerful but untrustworthy prover, they send their respective indices as
inputs to spatially separated subsystems of the composite systems. Classical
outputs ai ∈ Oi are generated from the different subsystems of the composite
system and accordingly some payoff P : ×n

i=1(Si ×Oi) 7→ R is calculated. An
implicit rule is that no communication is allowed among different subsystems
once the game starts. Upon playing the game sufficiently many times, the input-
output correlation P ≡ {p(a1 · · ·an|s1 · · ·sn)}ai∈Oi

si∈Si
is obtained. The collection of all

NS correlations forms a convex polytope NS. A correlation is called classical
if and only if it is of the form pL(a1 · · ·an|s1 · · ·sn) =

∫
Λ

p(λ )∏i p(ai|si,λ )dλ , where
λ ∈ Λ is some classical variable shared among the parties. Collection of such
correlations also forms a convex polytope L. On the other hand, a correlation
is called quantum if it is obtained from some quantum state through local
measurements, i.e. pQ(a1 · · ·an|s1 · · ·sn) = Tr[ρ(

⊗
i π

ai
si )] for some π

ai
si ∈ P(HAi) and

ρ ∈ D(
⊗

i HAi). The set of all quantum correlations Q forms a convex set but not
a polytope. The framework of locally quantum theories allows us to define the
correlation set obtained from the POPT states. Following the terminology of Ref.
[130] we call such a correlation ’Gleason correlation’ and denote the set as GL.
The following set inclusion relations have been established: L ⊊ Q ⊆ GL ⊊ NS.
While the first proper inclusion follows from the seminal work of Bell [14], the
last one is due to Cirel’son and Popescu-Rohrlich [36, 37]. On the other hand
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the equality Q = GL for bipartite correlations is established in [115]. More
precisely, the authors in [115] have shown that for every POPT WAB and for
every local measurements MA = {πa

A}a and MB = {πb
B}b, there exists a quantum

state ρAB ∈ D(HA ⊗HB) and measurements M̃A = {π̃a
A}a, M̃B = {π̃b

B}b such that,
Tr[WAB(π

a
A ⊗πb

B)] = Tr[ρAB(π̃
a
A ⊗ π̃b

B)]. In this classical input-output scenario we are
now in a position to prove our first result that in some sense can be considered
stronger than the result of Barnum et al [115].

Proposition 3. There exist beyond quantum bipartite states yielding correlations
that are classically simulable.

Proof. (Sketch) The family of operators Wp := pΓ[|φ+⟩⟨φ+|]+ (1− p)I/4 is a BQS
for 1/3 < p ≤ 1; |φ+⟩ := (|00⟩+ |11⟩)/

√
2 and Γ denotes partial transposition. If

we consider projective measurements only then a LHV description is possible
whenever p ≤ 1/2, whereas for generic POVMs one can have such a description
for p ≤ 5/12. The LHV models are motivated from the well known constructions
of Werner [21] and Barrett [136]. We defer to the appendix A for the explicit
construction.

The result of Barnum et al. [115] and our Proposition 3 depicts the limitation
of classical-input classical-output Bell scenario to reveal the full correlation
strength of BQSs. This implies that in a standard Bell scenario, it is impossible
to certify the BQS from input-output correlations. At this point, a more general
Bell scenario turns out to be advantageous.

5.4 Semi Quantum Bell Scenario
This scenario was introduced by Buschemi to establish the nonlocal behavior of
all entangled quantum states [66], which has subsequently generated a plethora
of research interests [67, 140, 70, 141]. In this scenario, each of the verifiers,
assumed to be locally quantum, has a random source of pure quantum states
{{pi(si),ψ

si
Ao

i
}|si ∈ Si} (see Fig. 5.1). They wish to verify whether the state of

a global system WA1···An, prepared by a powerful but untrustworthy prover, is
BQS or not. To this aim, they provide their respective quantum states to the
different parts of the distributed global state. The prover returns some classical
index ai ∈ Oi by performing local quantum measurements MAiAo

i
= {π

ai
AiAo

i
}ai on the

respective distributed parts of the global state and the states received from the
verifiers. Accordingly, some payoff β : ×n

i=1(Si×Oi) 7→R is given, which specifies a
semi-quantum game Gsq. From the global state WA1···An , the prover can generate
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a correlation PWA1···An
:= {p(a1, · · · ,an|ψs1 , · · · ,ψsn)} and the expected payoff is cal-

culated as IGsq(WA1···An) :=∑s1,a1,··· ,sn,an β (s1,a1, · · · ,sn,an)× p(a1, · · · ,an|ψs1, · · · ,ψsn).
Like the standard scenario, we can define the set of correlations Xsq with
X ∈ {L,Q,GL,NS} and X ⊆ Xsq in general. When the quantum sources con-
sist of orthogonal quantum states, the scenario boils down to standard Bell
scenario and no distinction is possible between a bipartite entangled state and a
BQS [115].

In the Semiquantum Bell scenario, the prover performs local measurements
{π

ai
AiAo

i
}ai on the ith subsystem. The composite multipartite state is given by a func-

tional µA1Ao
1···AnAo

n
which, invoking unentangled Gleason’s theorem, corresponds to

FIG. 5.1 A powerful but untrustworthy prover distributes a bipartite state ZAB between
two distant verifiers (Alice and Bob). The verifiers do not have any entangle-
ment between them, but possess their own trusted local quantum preparation
device. Such limited resourceful verifiers can verify the beyond quantumness
of the state ZAB provided to them (Theorem 8). The seminal Hahn-Banach
separation theorem plays a crucial role in making this verification possible –
the correlations produced from the bipartite quantum states form a convex-
compact proper subset within the set of correlations produced from all bipartite
states compatible with local quantum description and NS principle.
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a POPT state ZA1Ao
1···AnAo

n
. It is in general not true that ZA1Ao

1···AnAo
n

is given by the
tensor product of the composite states. However, if the states held by the verifiers
are pure and unentangled, then one can show that ZA1Ao

1···AnAo
n
=⊗iψ

si
Ao

i
⊗WA1···An.

We leave the details in the appendix B. Interestingly, our next result shows
that within the local quantum description, the unentangled verifiers (hence
weakly resourceful) can test the property ‘entangled vs BQS’ supplied by the
more resourceful prover.

Theorem 8. For every beyond quantum state WAB ∈ W (HA ⊗HB) there exists
a semiquantum game Gsq such that IGsq(WAB)< 0, while IGsq(ρAB)≥ 0, ∀ ρAB ∈
D(HA ⊗HB).

Proof. At the core of our proof lies the classic Hahn-Banach separation the-
orem of convex analysis and the fact that for every beyond quantum state
WAB ∈ W (HA ⊗HB) there exists an entangled state χAB ∈ D(HA ⊗HB) such that
Tr[WABχAB]< 0, whereas Tr[σABχAB]≥ 0, ∀ σAB ∈ D(HA ⊗HB) [142, 35, 143]. Also
note that, there exits (non-unique) choices of pure states ψs

A ∈ D(HA) & ψ t
B ∈

D(HB), and some real coefficients {βs,t} such that χAB = ∑s,t βs,tψ
s
A

T⊗ψ t
B

T where T
represents the transposition with respect to the computational basis. This
leads us to the required game Gχ

sq where the verifiers Alice and Bob yield
quantum inputs ψs

Ao and φ t
Bo, and ask the prover to return outputs ∈ {0,1}

from the distributed parts of the global state. The average payoff is calcu-
lated as I := ∑s,t βs,t p(11|ψs

Aoψ t
Bo). The measurement {P+

uuo ,Iuuo − P+
uuo} is per-

formed on the distributed parts of the global state, where P+
uuo := |φ+⟩uuo ⟨φ+|

with |φ+⟩uuo := 1√
du

∑
du−1
i=0 |ii⟩ and P+

uuo corresponds to the outcome 1, u ∈ {A,B}. We
therefore have,

IGχ
sq
(WAB) = ∑

s,t
βs,t Tr

[
P+

AAo ⊗P+
BBo

(
ψ

s
Ao ⊗WAB ⊗ψ

t
Bo
)]

= ∑
s,t

βs,t Tr [(RA ⊗RB)WAB] ;

where RA and RB are the effective POVMs acting on the parts of Alice’s and Bob’s
shares of the BQS, respectively; and are given by Ru := Truo [P+

uuo(Iu⊗ψs
uo)] = 1

du
ψs

u
T.
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Therefore, we have

IGχ
sq
(WAB) =

1
dBdA

∑
s,t

βs,t Tr
[(

ψ
s
A

T ⊗ψ
t
B

T
)

WAB

]
=

1
dBdA

Tr

[(
∑
s,t

βs,tψ
s
A

T ⊗ψ
t
B

T

)
WAB

]
=

1
dBdA

Tr [χABWAB]< 0.

On the other hand, given an arbitrary quantum state ρAB let the measurements
MAAo ≡ {πa

AAo})a and NBBo = {πb
BBo}b be performed, where a,b ∈ {0,1}. The average

payoff turns out to be

IGχ
sq
(ρAB) = ∑

s,t
βs,t Tr

[
π

1
AAo ⊗π

1
BBo
(
ψ

s
Ao ⊗ρAB ⊗ψ

t
Bo
)]

= ∑
s,t

βs,t Tr
[
RAoBo

(
ψ

s
Ao ⊗ψ

t
Bo
)]
,

where RAoBo :=TrAB[(π
1
AAo ⊗π1

BBo)(IAoBo ⊗ρAB)] is a positive operator. Using linearity
of trace we get,

IGχ
sq
(ρAB) = Tr

[
RAoBo

(
∑
s,t

βs,tψ
s
Ao ⊗ψ

t
Bo

)]
= Tr

[
RAoBo χ

T
AoBo

]
≥ 0.

The last inequality follows due to the fact that χT
AoBo is a valid density operator,

and this completes the proof.

Theorem 8 establishes that Qsq ⊊ GLsq in the bipartite scenario. Note that,
following an argument similar to [140], it can be shown that in the semiquantum
scenario, even if classical communication between different distributed parts
is allowed to the prover along with the quantum entangled state ρAB, still the
local statistics obtained from BQS cannot be simulated. Our result poses some
interesting questions. The proper set inclusion relation Q ⊊ NS established in
[37] has motivated several novel approaches to isolate quantum correlations from
beyond-quantum ones [144]. Along similar lines, the proper set inclusion relation
Qsq ⊊ GLsq welcomes new principle(s) to isolate the quantum correlations from
beyond-quantum ones in this generalized scenario. Importantly, our Theorem
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8 suggests that such principles must be sensitive to the quantum signature of
local inputs [71, 70].

The semi-quantum scenario also has important implications while studying
correlations in multipartite (involving more than two parties) scenarios. Acín et
al. have already pointed out that the result of Barnum et al. does not generalize
to the multipartite scenario even in the classical-input classical-output paradigm
[130]. They have provided examples of multipartite BQSs producing beyond
quantum correlations within the standard Bell scenario. They have also pointed
out that a BQS of the form

WA1···AN = ∑
k

pk(Λ
k
A1
⊗·· ·⊗Λ

k
AN
)[ρk

A1···An
], (5.1)

will not generate any classical-input classical-output correlation that lies outside
the set of correlations generated by quantum states. Here, {pk} is a probability
distribution, ρk

A1···An
∈ D(

⊗
i HAi), and Λk

i are positive but not completely positive
trace preserving maps on L (HAi) [143]. The authors in [130] have left the
question open to identify the additional requirements to close the gap in their
results. Our next result provides a solution to close this gap.

Theorem 9. For every BQS WA1···AN ∈ W (
⊗N

i=1 HAi) there exists a semiquan-
tum game Gsq such that IGsq(WA1···AN ) < 0, whereas IGsq(ρA1···AN ) ≥ 0, ∀ρA1···AN ∈
D(
⊗N

i=1 HAi).

The proof is a straightforward generalization of the proof of Theorem 8 (see
appendix C). While Theorem 8 & 9 are just existence theorems, it is not hard
to see that given an arbitrary BQS there is an efficient algorithm to construct a
semiquantum game (the procedure is discussed in appendix D). It is important
to note that non-orthogonal quantum inputs are necessary to reveal the beyond
the quantum signature of correlation for any BQS of the form of Eq.(5.1). This
implicitly follows from the results of Barnum et al. [115] and Acín et el. [130],
the explicit prove is given is Appendix E. It is worth mentioning that this semi-
quantum scenario is different from local tomography as it establishes beyond
quantum nature of POPT states in a measurement device-independent manner
where the measurement devices used to produce the classical outcomes need not
be trusted [67].
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5.5 Foundational Implication
Quantum mechanics is one of the most effective theories for describing nearly
all natural phenomena, and its integration with information theory has led to
numerous groundbreaking technologies, with the potential for even more ad-
vances [145]. Despite its successes, quantum mechanics has sparked extensive
debates about its interpretation from its very inception [146–150], and these
debates continue to this day [151, 152]. The formalism of quantum theory begins
with an abstract mathematical framework in Hilbert space, raising the need for
physical justification of its constructs. While the widely accepted no-signaling
(NS) principle—prohibiting instantaneous communication between distant par-
ties—plays an important role, it alone does not suffice to uniquely characterize
quantum theory, as it allows a broad range of mathematical models to describe
nature. Recently, inspired by developments in quantum information theory,
several new principles have been proposed to address the limitations of the NS
principle [19, 144, 32, 153–155, 94]. These principles efficiently rule out some
beyond-quantum NS correlations as unphysical, thereby offering potential physi-
cal justifications for quantum correlations. However, correlations generated by
maximal and minimal tensor products in Bell scenarios are quantum-simulable,
indicating that these principles are insufficient for determining which compo-
sition accurately explains nature. While these correlations align in the Bell
scenario, they differ in the prepare-and-measure scenario, motivating us to
investigate these physical principles in prepare and measure scenario.

In this section, we analyze one of the intriguing principles called information
causality (IC), proposed nearly a decade back [32]. IC can be envisaged as a
generalization of the NS condition. It limits the information gain that a receiver
(say Bob) can reach about a previously unknown to him data set of a sender
(say Alice), by using two types of resources: (i) all his local resources that might
be correlated with the sender i.e. Type-I resource (see section 2.2.1), and (ii)
some physical system carrying bounded amount of information from Alice to
Bob, i.e. Type-II resource (see section 2.2.2). Both these resources can further be
of different kinds – classical, quantum, and beyond quantum; and IC principle
provides a way to test their physicality. Although the correlated resources by
themselves have no communication utility, as shown in the seminal superdense
coding paper [7], a quantum correlation viz. entanglement can double up the
communication capacity of a quantum channel. The power of entanglement,
however, is limited in a way as it cannot enhance communication capacity of
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a classical channel. Principle of IC generalizes this no-go by limiting Bob’s
information gain to be at most m bits when m classical bits are communicated
by Alice to him and he is allowed to use any of his local resources that might be
correlated with Alice. Quite interestingly several NS correlations violate this
principle and thus considered as unphysical [156–159]. In essence, restricting
the Type-II resources to be classical, the IC principle discards some of the Type-I
resources as unphysical.

Here we study the reverse scenario, i.e., Type-II resource is varied among
several possibilities while restricting the Type-I resource to be classical. In
particular, we ask the question whether unphysicality of some Type-II resources
can be established through information principles. Interestingly, as we will show,
the principle of IC becomes effective in this case too. We consider the scenarios
where individual systems are assumed to be quantum, but their composition can
be anything in between maximal tensor product state space and minimal tensor
product state space [107]. While the maximal one grants exotic joint states that
are not allowed in quantum theory, the minimal one allows only separable states.
It turns out that the system obtained through maximal tensor product of two
elementary quantum violates the IC principle. This is quite remarkable as all the
NS correlations obtained from beyond quantum states are quantum simulable
and hence cannot yield beyond quantum nonlocal correlation [115]. We then show
that minimal tensor product composition is also not compatible with IC principle
and hence gets excluded. This is even more striking as the resulting theory
allows only separable states and hence in Bell-type experiments no nonlocal
correlation is possible. Our work establishes a novel yet unexplored proficiency
of the IC principle as it discards extreme descriptions of composite quantum
systems, and thus promises physical rationale for quantum composition.
Here we recall the concept of information capacity [89] (see also [113, 56, 114]),
which is relevant for studying communication utility of a GPT system.

Definition 5 (CMP 316, 441 (2012)). Information capacity I (S) of a system S
is the maximum number of states that can be perfectly distinguished in a single
shot measurement.

In standard information theoretic unit it is quantified in bit: if maximum d
number of states are one-shot distinguishable then I (S) = logd bit. Information
capacity is closely related to the amount of classical information that can be
transferred perfectly by sending one copy of the system. For instance, the state
space of a two level classical and quantum systems are the 1-simplex and unit
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sphere in R3 respectively, and both have information capacity 2 (or log2 bit).
However, it might happen that the Holevo capacity Θ(S) of a system S exceeds
its information capacity. By Holevo capacity of a system we mean the optimal
rate of transfer of classical information when asymptotically many copies of the
system are in use. While finding Holevo capacity, the optimization is performed
over all possible encodings and decodings allowed in the composite theory, i.e.,
Θ(S) := limk→∞

1
k log

[
I (S⊗k)

]
. It turns out to be same as information capacity

whenever information capacity is additive. While for quantum composition it
is known to be additive, our next proposition first extends this additivity for
minimal tensor product composition.

Proposition 4. The information capacity of the minimal composition of k local
quantum systems, each of dimension d, is dk, i.e., I

(
(Cd)⊗mink)= dk.

Proof. Assume that I
(
(Cd)⊗mink)= N. Clearly, N ≥ dk since there are dk product

states in (Cd)⊗mink that can be perfectly distinguished by product measurements.
Furthermore, since we have assumed I

(
(Cd)⊗mink) = N, there exist N pure

product states {|a1⟩ , · · · , |aN⟩} and a measurement {E1, · · · ,EN | ∑
N
i=1 Ei = I⊗k

d } such
that Tr(Ei |a j⟩⟨a j|) = δi j ∀i, j. Let Pi be the projector on the orthogonal support of
|ai⟩⟨ai|, i.e., Pi = I⊗k

d −|ai⟩⟨ai|. It is easy to show that Pi is a separable operator. To
see this, first introduce an orthonormal basis for H ⊗k

d consisting of pure product
states such that |ai⟩⟨ai| is one of the elements of the basis set. Then, Pi can be
written as the sum of projectors on all the basis vectors except |ai⟩⟨ai|. We have,

dk = Tr(I⊗k
d ) =

N

∑
i=1

Tr(Ei) =
N

∑
i=1

Tr[EiI⊗k
d ]

=
N

∑
i=1

Tr[Ei(|ai⟩⟨ai|+Pi)]

=
N

∑
i=1

Tr[Ei |ai⟩⟨ai|]+
N

∑
i=1

Tr[EiPi]

≥
N

∑
i=1

Tr[Ei |ai⟩⟨ai|] =
N

∑
i=1

δii = N.

The inequality follows from the fact that Pi is a separable operator, and thus
Tr[EiPi]≥ 0. We, therefore, conclude that N = I

(
(Cd)⊗mink)= dk.

As an immediate implication it follows that the Holevo capacity of minimal
tensor product of local quantum systems are same as their information capac-
ity, i.e., Θ(Cd

min) := limk→∞
1
k log

[
I ((Cd)⊗mink)

]
= limk→∞

1
k log(dk) = logd. A similar
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result, as stated in the next proposition, also holds for maximal composition of
locally quantum systems.

Proposition 5. The information capacity of the maximal composition of k local
quantum systems, each of dimension d, is dk, i.e., I

(
(Cd)⊗maxk)= dk.

Proof. Assume that I
(
(Cd)⊗maxk)= N. Clearly, N ≥ dk since there are dk product

states in (Cd)⊗maxk that can be perfectly distinguished by product measurements.
Furthermore, since we have assumed I

(
(Cd)⊗maxk) = N, there exist N POPT

states {W1, · · · ,WN} and a separable measurement {E1, · · · ,EN | ∑
N
i=1 Ei = I⊗k

d }
such that Tr(EiWj) = δi j ∀i, j. Let Yi := I⊗k

d −Wi. We will first show that Yi is
an (unnormalized) POPT state, i.e., ⟨a1···k|Yi |a1···k⟩ ≥ 0 for any choice of product
state |a1···k⟩ := |a1 ⊗a2 ⊗·· ·⊗ak⟩. Indeed, ⟨a1···k|Yi |a1···k⟩ = 1−⟨a1···k|Wi |a1···k⟩, and
we only need to show that ⟨a1···k|Wi |a1···k⟩ ≤ 1. But this follows from the fact
that ⟨a1···k|Wi |a1···k⟩ must be a valid probability since Wi is a POPT state and
|a1 ⊗a2 ⊗·· ·⊗ak⟩⟨a1 ⊗a2 ⊗·· ·⊗ak| is a valid effect in maximal composition. Now
we can proceed in a similar manner as in the proof of Proposition 4, i.e.

dk = Tr(I⊗k
d ) =

N

∑
i=1

Tr(Ei) =
N

∑
i=1

Tr[EiI⊗k
d ]

=
N

∑
i=1

Tr[Ei(Wi +Yi)]

=
N

∑
i=1

Tr[EiWi]+
N

∑
i=1

Tr[EiYi]

≥
N

∑
i=1

Tr[EiWi] =
N

∑
i=1

δii = N.

The inequality follows from the fact that Yi is POPT, and thus Tr[EiYi] ≥ 0.
Since we already showed that N ≥ dk, we conclude that N = I

(
(Cd)⊗maxk) = dk.

Consequently we have Θ(Cd
max) := limk→∞

1
k log

[
I ((Cd)⊗maxk)

]
= limk→∞

1
k log(dk) =

logd.

The objective of this work is to explore the foundational implication of com-
munication advantages of several compositions of local quantum systems. In
the following, we will show that several composition of local quantum systems
violates IC principle.

Information Causality.– It is instructive to understand the IC principle
through the distributed version of random access code task [51], which we
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recall from the last chapter (see Fig.4.1). Alice receives a string of N independent
bits, a = (a1, · · · ,aN) randomly sampled from {0,1}N , and Bob receives a random
value of b ∈ {1, · · · ,N}. Bob’s aim is to correctly guess the value of the bth bit of
Alice i.e, ab. Alice can send some d dimensional system to assist Bob and as
defined earlier this is the (N,d)RAC game, and the efficiency of the collaborative
strategy is quantified through the quantity

IN,d =
N

∑
k=1

I (ak : β | b = k) , (5.2)

where I (ak : β | b = k) is the Shannon’s mutual information between the kth bit
of Alice and Bob’s guess β , computed under the condition that Bob has received
b = k. If Alice communicates d dimensional classical system to Bob then the
efficiency is upper bounded by IN ≤ logd. Furthermore, IN ≤ logd turns out to be
a necessary condition for IC in an arbitrary theory where mutual information
satisfies three abstract properties – (a) consistency, (b) data processing inequality,
and (c) chain rule [32]. As pointed out by the authors in [32], IC holds true even
if the quantum bits are transmitted provided that they are disentangled from
the systems of the receiver – a consequence of Holevo bound, which limits
information gain after transmission of m such qubits to m classical bits. While
playing the ICN,d game by sending some GPT system from Alice to Bob in the
presence of classical correlation shared in advance, the precise formulation of
the IC, that we will use here, reads as IN,d ≤ Θ, where Θ is the Holevo capacity of
the communicated d dimensonal system in consideration.

Unphysicality of extremal quantum compositions.– Let us consider the (3,4)RAC
game. If Alice communicates 2-cbits or 2-qubits (in quantum composition) to a
classically correlated Bob then the necessary condition of IC is satisfied, i.e., the
efficiency of their collaborative strategy I3,4 satisfies the bound I3,4 ≤ log4 = 2.
we will show that this is not true if one considers extremal tensor product
compositions between two qubits.

Theorem 10. Minimal tensor product composition of two elementary quantum
violates IC principle.

Proof. According to Proposition 4 the Holevo capacity of the minimal tensor
product of two elementary quantum systems is 2 bits, so the necessary condition
for satisfaction of IC principle is I3,4 ≤ 2. But as discussed in the previous
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chapter there exists suitable encoding and decoding (see Table 4.2) leading to
I3,4 ≈ 2.19 ≥ 2.

At this point, it should be noted success of (3,4)RAC in Theorem 1 might not
be the optimal one, and the question of optimality we leave here for the future.
However, by considering the maximal tensor product composition between two
qubits we know the existence of a perfect strategy for (3,4)RAC game.

Theorem 11. Maximal tensor product composition of two elementary quantum
violates IC principle.

Proof. According to Proposition 5 the Holevo capacity of the maximal tensor
product of two elementary quantum systems is 2 bits, so the necessary condition
for satisfaction of IC principle is I3,4 ≤ 2. But as discussed in the previous chapter
there exists suitable encoding and decoding (see Table 4.1) leading to I3,4 = 3 ≥ 2.
This concludes the proof.

While we have excluded the two extreme compositions through the violation
of the IC principle, it would be interesting to exclude all other intermediate
compositions except the quantum one in a similar approach. A first step in this
direction is to generalize our Proposition 4 and 5 for such an arbitrary composi-
tion which we conjecture to hold true. Then an encoding-decoding strategy in
such a composite model yielding a better than quantum success in (N,d)RAC
game would invalidate that composition to be the physical one. For instance, any
composition allowing states and effects used for encoding and decoding either in
Theorem 10 or in Theorem 11 immediately gets excluded as unphysical.

5.6 Discussion
One of the most earnest research endeavors in quantum theory is to understand
the limited nonlocal behavior of quantum correlations. Beyond its foundational
significance, this question also holds practical relevance, as nonlocal correlations
have been established as valuable resources for various tasks. In the previous
chapter, we observed that several compositions of local quantum systems are
beneficial for communication tasks. Our goal is to certify these compositions.
However, in the bipartite scenario, Barnum et al. [115] demonstrated that all
correlations are quantum-simulable. This result implies that the existence of a
beyond-quantum state cannot be certified within the standard Bell scenario. To
address this, we have considered the quantum-input Bell scenario. Our Theorem
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8 establishes that for all bipartite beyond-quantum states, there exists a semi-
quantum game capable of certifying the beyond-quantumness of the given state.
We then extended our results to multipartite beyond-quantum states, enabling
the certification of any POPT state. Additionally, in the previous chapter, we
observed that the minimal and maximal compositions of local quantum systems
provide greater advantages than quantum composition in the framework of the
RAC task. We explored the deeper foundational implications of these advantages
and demonstrated that both minimal and maximal compositions of local quantum
systems violate the Information Causality (IC) principle.



Chapter 6

Summary and Further Directions

In this chapter, we summarize the key findings of this thesis and outline poten-
tial directions for future research. We have investigated the utility of various
resources across different communication scenarios, examining both the certifi-
cation of these resources and the foundational implications of their advantages
in specific communication tasks. We investigate the simplest communication
scenario involving only two parties. We consider general reward function(s)
to quantify the communication utility of the physical system transferred from
the sender to the receiver, with no classical shared randomness between the
parties. First, we proposed a class of two-party games denoted as Hn(γ1, · · · ,γn),
where a game is specified by the parameters γi ≥ 0 with ∑i γi = 1. The special
case where all the γi’s are equal was designated with the simplified notation
Hn(1/n). We have shown in Section 3.2.3 that only a measure zero subclass of
these games can be won perfectly if 1-bit of classical communication is allowed
from the sender (Alice) to the receiver (Bob). However, all such games can be won
deterministically if the classical communication line is assisted by additional
shared randomness. We have then shown in section 3.3 that a class of aforesaid
games are perfectly winnable with 1-qubit communication from Alice to Bob
that are otherwise not winnable with 1-bit of classical communication. This
establishes a novel communication utility of the quantum system over its classi-
cal counterpart. To identify the origin of quantum advantage we have further
proven two no-go results. We have shown the simultaneous use of quantum
interference at the encoding step by Alice and at the decoding step by Bob is
necessary for this particular advantage. We have analyzed the communication
utility of a class of toy models, known as the polygon models [42]. Like two-
level classical (bit) and quantum (qubit) systems, all these models allow at most
two perfectly distinguishable states. However, with the help of our proposed
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game, we have shown in Section 3.4.2 that the communication utility of all the
even-gons is strictly greater than the two-level classical system. We have then
proposed a stricter version of the aforesaid game which we have denoted as
Hn(1/(n−1)). In section 3.5.1 we have proved that the H4(1/3) game cannot be
won perfectly with 1-bit of classical communication even when assisted with
1-bit of shared randomness. More shared randomness is required to achieve
the goal. This provides further justification to consider shared randomness as
a costly resource. Interestingly, we have then shown that H4(1/3) game can be
won with 1-qubit communication even without any assistance of classical shared
randomness. Furthermore, no polygon system provides a perfect strategy for
this game, making the advantage quantum sensitive (see section 3.5.2, section
3.5.3). In section 3.7 we have analyzed the robustness of the quantum protocols
to noise so that this newly obtained communication advantage of the quantum
system can be tested with imperfect experimental devices. Thereafter we have
also considered the RAC task in the prepare and measure scenario and show
that (3,4)RAC the quantum advantage is restricted but the maximal composition
of local quantum systems is advantageous leading to perfect success probability.
We have also shown that the minimal composition of local quantum system is
also beneficial in this task over quantum composition, even though the corre-
lations generated from this system are bell local. Furthermore, we have also
studied the certification of these resources in a semi-device-independent manner.
In section 5.4 we have demonstrated that for any bipartite beyond-quantum
state (BQS), there exists a semi-quantum game capable of distinguishing the
beyond-quantum state from quantum states. We have also extended this study
for multipartite beyond quantum states (BQS) and shown the existence of a
semi-quantum game for every BQS. We have also explored the foundational
implication of this communication advantage in prepare and measure scenario
by the minimal and maximal composition of local quantum systems. The infor-
mation causality principle says that the total conditional information gained
by the receiver about the sender’s input should be bounded by Holevo capacity
of the physical system. In section 5.5 we have derived the Holevo capacity of
both minimal and maximal composition of local quantum systems. We have also
shown that the minimal and maximal composition of the local quantum system
violates the information causality principle. Here we also mention some relevant
issues that could stem from the present thesis, as an interesting direction for
further research.
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1. We have shown in section 3.3 the existence of a task that can be won by
using single qubit but 1cbit and log2 bit shared randomness is sufficient to
win this task. Further studies can be done to come up with a game that
can be won with 1-qubit communication. In contrast, in the classical case,
an infinite amount of shared randomness, along with 1 -bit of classical
communication, is required.

2.. We have also explored the source of this quantum advantage over classi-
cal bit, demonstrating that quantum superposition at the encoding and
noncommutative measurement at decoding are necessary. At this point it
might be interesting to recall an important result of quantum foundation
recently established in [160]. While Bell in his seminal paper [14] and then
Kochen & Specker [161] (see also Mermin [62, 162]) have shown that for
the projective measurements on a two level quantum system, it is possible
to come up with a ‘deterministic hidden variable model’, in [160] it has been
shown that such a model is not possible when considering more general
POVM measurement. It is worth interesting to study whether the quan-
tum advantage observed here has some deeper connection with this no-go
result. Additionally, several intriguing questions arise, such as whether
shared randomness can enhance the effectiveness of other direct commu-
nication resources. Another open question is whether one can construct
a communication scenario that establishes a trade-off between classical
communication and shared randomness.

3. In section 4.4 we have shown that both the minimal and maximal composi-
tion of local quantum systems provide an advantage over their quantum
composition in prepare and measure scenario. It will be interesting to
find out whether all the other compositions are also advantageous in this
scenario. We have explored the communication advantage of several com-
positions of two local quantum systems, it will be worthwhile to investigate
the status of different compositions of multiple qubits.

4. In section 5.4 we have given a certification process for any states in maximal
composition of two local quantum systems and also explored the certifica-
tion process for composition of multiple qubits. A natural extension would
be to examine the certification of states in the minimal composition of local
quantum systems.
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5. In section 5.5 we have explored the deeper foundational implication of
communication advantage observed in different compositions. We have
shown that both minimal and maximal composition of local quantum sys-
tem violates information causality (IC) principle. A natural direction for
future research is to investigate whether this communication advantage of
different compositions could lead to a violation of the No-Hypersignaling
principle [94].
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[18] M. Żukowski, A. Zeilinger, M. A. Horne, and A. K. Ekert, “‘“event-ready-
detectors”’ bell experiment via entanglement swapping,” Physical Review
Letters, vol. 71, p. 4287–4290, Dec. 1993.

[19] G. Brassard, H. Buhrman, N. Linden, A. A. Méthot, A. Tapp, and F. Unger,
“Limit on nonlocality in any world in which communication complexity is
not trivial,” Physical Review Letters, vol. 96, June 2006.
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Appendix A

Proof of Proposition 3

Proof. The POPTness of the state directly follows from the expression Tr[Wp(Pn̂⊗
Pm̂)] = 1/4(1+ p n̂.m̂), where Px̂ := 1/2(I+ x̂.σ); and beyond quantumness follows
from the explicit eigenvalue calculation of the operator Wp.

Our aim is to show that for certain range of the parameter p, the classical-
input classical-output correlations obtained from the class of BQSs Wp := pΓ[|φ+⟩⟨φ+|]+
(1− p)I/4 can be classically simulated. Given the classical inputs, the parties
Alice and Bob perform some local measurement on their part of the BQS to
obtained some classical outputs. The joint input-output probabilities are cal-
culated using Born rule as the local systems are assumed to be quantum. By
classically simulable we mean that the obtained correlations allow a local hid-
den variable (LHV) model, i.e. if Alice and Bob perform some measurements
A ≡ {Ai | Ai ≥ 0 & ∑i Ai = I} and B ≡ {B j | B j ≥ 0 & ∑ j B j = I} respectively, then the
joint probability distributions are factorizable.

P(Ai,B j|A,B,Wp) =
∫

Λ

ω(λ |Wp)P(Ai|A,λ )P(B j|B,λ )dλ , (A.1)

where λ ∈ Λ is some shared variable (also called common cause/HV) and ω(λ |Wp)

is a probability distribution on the HV space Λ.
Let us first consider the particular case, where measurement effects of Alice’s

and Bob’s measurements are proportional to some rank one projection operator,
i.e. Ai = xiPi & B j = y jQ j, with 0 < xi,y j ≤ 1. Note that, Tr

[
Γ[|φ+⟩⟨φ+|]

(
Pi ⊗Q j

)]
=

1/4(1+ m̂i.n̂ j), where Pi := 1/2(I+ m̂i.σ) and Q j := 1/2(I+ n̂ j.σ). This expression
differs from Tr

[
|ψ−⟩⟨ψ−|

(
Pi ⊗Q j

)]
= 1/4(1− m̂i.n̂ j) just by a negative sign, which

motivates us to construct the LHV for Wp by simply modifying the LHV model
known for the noisy singlet state [136].
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Let the hidden variables λ ∈ Λ (which we shall now denote by |λ ⟩) be the unit
vectors of a 2-dimensional complex Hilbert space. The local responses are given
by,

P(Ai|A,λ ) := ⟨λ |Ai |λ ⟩Θ

(
⟨λ |Pi |λ ⟩−

1
2

)
+

xi

2

(
1−∑

k
⟨λ |Ak |λ ⟩Θ

(
⟨λ |Pi |λ ⟩−

1
2

))
;

(A.2)

P(B j|B,λ ) := y j

(
1−⟨λ⊥|Q j |λ⊥⟩

)
; (A.3)

where Θ(x) is the Heaviside step function and |λ⊥⟩ is the state perpendicular
to |λ ⟩. It is noteworthy that the response on Alice’s side is contextual, since
the response of the effect Ai depends on the other effects Ak’s constituting the
measurement A. Substituting Eqs.(A.2) and (A.3) in Eq.(A.1) we obtain

P
(
Ai,B j|A,B,Wp

)
=
∫

Λ

ω (λ |Wp)
[
y j

(
1−⟨λ⊥|Q j |λ⊥⟩

)]
×
[
⟨λ |Ai |λ ⟩Θ

(
⟨λ |Pi |λ ⟩−

1
2

)
+

xi

2

(
1−∑

k
⟨λ |Ak |λ ⟩Θ

(
⟨λ |Pi |λ ⟩−

1
2

))]
dλ .

(A.4)

To check the reproducibility condition let us define the following quantity:

Ji j := xiy j

∫
dλ ω(λ |Wp)Θ

(
⟨λ |Pi |λ ⟩−

1
2

)
⟨λ |Pi |λ ⟩⟨λ⊥|Q j |λ⊥⟩ . (A.5)

Using Eq.(A.5), Eq.(A.4) can be written as

P
(
Ai,B j|A,B,Wp

)
=

(
−Ji j −

1
2

xiy j

∫
dλ ω (λ |Wp)⟨λ⊥|Q j |λ⊥⟩

)
+

(
xi

2 ∑
k

Jk j

)

+

(
y j ∑

l
Jil

)
+

(
xiy j

2

∫
dλ ω (λ |Wp)

)
−

(
xiy j

2 ∑
kl

Jkl

)

=
xiy j

2

(∫
dλ ω (λ |Wp)−

∫
dλ ω (λ |Wp)⟨λ⊥|Q j |λ⊥⟩

)
+

(
−Ji j +

xi

2 ∑
k

Jk j

)
+

(
y j ∑

l
Jil −

xiy j

2 ∑
kl

Jkl

)
. (A.6)

The quantity c ≡
∫

dλ ω (λ |Wp)⟨λ⊥|Q j |λ⊥⟩ is invariant under the change of Q j.
Now, ∑ j y jc = ∑ j y j

∫
dλ ω (λ |Wp)⟨λ⊥|Q j |λ⊥⟩ =

∫
dλ ω (λ |Wp) = 1. Thus c = 1/2;
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which yields,

P
(
Ai,B j|A,B,Wp

)
=

xiy j

4
+

(
−Ji j +

xi

2 ∑
k

Jk j

)
+

(
y j ∑

l
Jil −

xiy j

2 ∑
kl

Jkl

)
. (A.7)

In order to evaluate Ji j we write |λ ⟩ = z0 |0⟩+ z1 |1⟩ where {|0⟩ , |1⟩} is an or-
thonormal basis for C2. Let zν = rνeiθν for ν ∈ {0,1}. We choose |0⟩ to be
such that |0⟩⟨0| = Pi. Writing uν = r2

ν and Q j = |q j⟩⟨q j| and using the fact
⟨λ⊥|q j⟩⟨q j|λ⊥⟩= ⟨λ |q⊥j ⟩⟨q⊥j |λ ⟩, we get

Ji j = xiy j

∫
dλ ω (λ |Wp)Θ(⟨λ |Pi |λ ⟩−1/2)⟨λ |Pi |λ ⟩⟨λ |q⊥j ⟩⟨q⊥j |λ ⟩

=
1
N

xiy j

1

∑
ν=0

| ⟨q⊥j |ν⟩ |2
∫ 1

1/2
du0

∫ 1

0
du1 δ (u0 +u1 −1) u0uν = xiy j

1

∑
ν=0

| ⟨q⊥j |ν⟩ |2 Jν ,

(A.8)

where we have assumed ω (λ |Wp) to be a uniform distribution over Λ and

N :=
∫ 1

0
du0

∫ 1

0
du1 δ (u0 +u1 −1), (A.9)

Jν :=
1
N

∫ 1

1/2
du0

∫ 1

0
du1 δ (u0 +u1 −1) u0uν . (A.10)

Defining J̃ ≡ 1
N
∫ 1

1/2 du0
∫ 1

0 du1 δ (u0 +u1 −1) u0 and using u0 +u1 = 1, we can write
J1 = J̃− J0. Using normalization condition for |q⊥j ⟩ and the fact |pi⟩= |0⟩ we get
| ⟨q⊥j |1⟩ |2 = 1−|⟨q⊥j |pi⟩ |2, which thus yields

Ji j = xiy j

[(
J̃− J0

)
+
(
2J0 − J̃

)
| ⟨q⊥j |pi⟩ |2

]
. (A.11)

Substituting Eq.(A.11) in Eq.(A.7) we get,

P
(
Ai,B j|A,B,Wp

)
= xiy j

(
1+4J0 −2J̃

4
− (2J0 − J̃)| ⟨q⊥j |pi⟩ |2

)
(A.12)

Straightforward integration yields J0 =
7

24 and J̃ = 3
8 , which further implies

P
(
Ai,B j|A,B,Wp

)
=

xiy j

48

(
17−10| ⟨q⊥j |pi⟩ |2

)
=

xiy j

48

(
17−10Tr

(
PiQ⊥

j

))
= xiy j

1
4

(
1+

5
12

m̂i · n̂ j

)
. (A.13)
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Again, from the Born rule we have

P
(
Ai,B j|A,B,Wp

)
= Tr

[
(Ai ⊗B j)(Wp)

]
= xiy j

1
4
(
1+ p m̂i · n̂ j

)
. (A.14)

Therefore, for p = 5
12 the BQS Wp allows a LHV model when all the effects consti-

tuting Alice’s and Bob’s measurements are proportional to rank one projectors.
We are now left to extend this model for more general measurements (consisting
more than rank one effects). This can be argued by noticing that any POVM
element A is a Hermitian operator with 0 < A ≤ 1, and hence allows spectral
decomposition of the form A = ∑i Ai, where Ai = xiPi are operators proportional to
rank-one projectors like the ones considered above with 0 < xi ≤ 1 and PiPj = δi jPi.
Thus any general POV measurement can be regarded as a coarse-grained mea-
surement of the special scenario considered above. We associate the outcome Ai of
the finer measurement with the outcome A of the coarse-grained measurement
for all values of i. Thus we have a LHV model for W5/12.

Once the LHV model is defined for a particular state, it can be extended for a
large class of states. Suppose we have a LHV model for the state σ1. It is then
possible to construct a LHV model for a state σ2 if it can be written in the form
σ2 = ∑i j Mi ⊗N j σ1 M†

i ⊗N†
j , such that ∑i M†

i Mi = I, & ∑ j N†
j N j = I. For describing

the LHV model of σ2 we just need to modify the responses in the following way

Pσ2(Ai|A,λ ) := Pσ1(A
′
i|A′,λ ) where A′

i := ∑
k

M†
k AiMk, (A.15)

Pσ2(B j|B,λ ) := Pσ1(B
′
j|B′,λ ) where B′

j := ∑
l

N†
l B jNl. (A.16)

If we now take ω (λ |σ2) = ω (λ |σ1), the above construction will give∫
dλ ω (λ |σ2)Pσ2(Ai|A,λ )Pσ2(B j|B,λ ) = Tr[

(
A′

i ⊗B′
j
)

σ1]

= ∑
kl

Tr[
(

M†
k AiMk ⊗N†

l B jNl

)
σ1]

= ∑
kl

Tr[
(
Ai ⊗B j

)(
Mk ⊗Nl σ1 M†

k ⊗N†
l

)
]

= Tr[
(
Ai ⊗B j

)
σ2]. (A.17)

Thus the above construction is successful in defining a valid LHV model for σ2. It
is obvious that any Wp′ can be created from Wp just by using local operations if p′≤
p. This implies existence of a LHV model for Wp≤ 5

12
. Therefore, any classical-input
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classical-output correlation obtained from Wp is classically simulable whenever
p ≤ 5/12. On the other hand, as discussed in the manuscript, Wp is BQS for
p > 1/3. This proves the claim of Proposition 1.

Remark: Motivated from the LHV model constructed in [21], it can be further
shown that for Wp a classical model exists for p ≤ 1/2 whenever Alice’s and Bob
measurements are limited to projective measurement only. In this case also λ ’s
are given by unit vectors of 2-dimensional complex Hilbert space and ω (λ |Wp)

is taken to be uniform distribution. Using spherical polar coordinates we can
denote the HVs as λ̂ = sin(θ)cos(φ)î+ sin(θ)sin(φ) ĵ+ cos(θ)k̂ and ω (λ |Wp)dλ =
1

4π
sin(θ)dθdφ . Alice’s and Bob’s response are given by

P(Pi|A,λ ) = cos2(α1/2) =
1+ cos(α1)

2
; (A.18)

P(Q j|B,λ ) = 1 if 2cos2(α2/2)< 1; (A.19)

= 0 if 2cos2(α2/2)> 1. (A.20)

Here α1 is the angle between the block vector of Pi and −λ̂ , and α2 is the angle
between the block vector of Q j and λ̂ . Without any loss of generality we can
consider Pi = 1/2(I+ m̂i.σ) and Q j = 1/2(I+ n̂ j.σ) with m̂i = (sin x,0,cos x) and
n̂ j = (0,0,1). This implies P(Q j|B,λ ) = 1 for π

2 < α2 < 3π

2 and accordingly we
have non zero contribution in the integral for π

2 < θ < π. Also we get cos(α1) =

−sin(x)sin(θ)cos(φ)− cos(x)cos(θ). Therefore, we have

P
(
Pi,Q j|A,B,Wp

)
=
∫

θ=π

θ= π

2

∫
φ=2π

φ=0

1
4π

sin(θ)
1
2
[1− sin(x)sin(θ)cos(φ)− cos(x)cos(θ)] dθ dφ

=
1
4
+

cos x
8

=
1
4
(1+

1
2

m̂i · n̂ j), (A.21)

which is same as the Born probability obtained from the state Wp for p = 1/2. It
is not difficult to see that the model can be extended for any values of p ≤ 1/2.





Appendix B

Composing POPT sates

In the Semiquantum Bell scenario, the Prover performs local measurements
MAiAo

i
= {π

ai
AiAo

i
}ai on the ith subsystem. In the locally quantum no-signalling

framework, the composite multipartite state is given by a functional µA1Ao
1···AnAo

n

which, invoking unentangled Gleason’s theorem, corresponds to a POPT state
ZA1Ao

1···AnAo
n
. It is in general not true that ZA1Ao

1···AnAo
n

is given by the tensor product of
the individual states. If the states held by the Verifiers are pure and unentangled,
then one can show that ZA1Ao

1···AnAo
n
=⊗iψ

si
Ao

i
⊗WA1···An. To begin with, it is easy to

check that ⊗iψ
si
Ao

i
⊗WA1···An is a valid POPT state, as shown below:

Proposition 6. For every POPT state WA1···An, the tensor product state WA1···An ⊗
ψ

s1
Ao

1
⊗·· ·⊗ψ

sn
Ao

n
is also a POPT state.

Proof. For any set of local POVMs πA1Ao
1
⊗·· ·⊗πAnAo

n acting on the tensor product
state WA1···An ⊗ψ

s1
Ao

1
⊗·· ·⊗ψ

sn
Ao

n
, we have,

Tr
[(

πA1Ao
1
⊗·· ·⊗πAnAo

n

)(
WA1···An ⊗ψ

s1
Ao

1
⊗·· ·⊗ψ

sn
Ao

n

)]
= Tr [(πA1 ⊗·· ·⊗πAn)(WA1···An)]

≥ 0

where, πA j := TrAo
j

[(
IA j ⊗ψ

s j
Ao

j

)(
πA jAo

j

)]
is a positive operator for every POVM element πA jAo

j .

The final inequality follows from the fact that WA1···An is a POPT state and gives
positive probabilities for local measurements. Therefore, WA1···An ⊗ψ

s1
Ao

1
⊗·· ·⊗ψ

sn
Ao

n

produces a positive probability for all local measurements. Hence, it is a valid
POPT state.

We next show that subsystems of POPT states are obtained by the partial
trace operation. In what follows, we restrict the analysis to bipartite scenarios for
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notational convenience. The generalization to multipartite scenarios is obvious.
For any local measurements MAAo = {πa

AAo}a and MBBo = {πb
BBo}b we have,

µAAoBBo(πa
AAo,πb

BBo) = Tr[ZAAoBBo(πa
AAo ⊗π

b
BBo)]

Let πa
AAo = πα

A ⊗ παo

Ao and πb
BBo = π

β

B ⊗ π
β o

Bo with ∑α πα
A = IA,∑αo παo

Ao = IAo,∑β π
β

B =

IB,∑β o π
β o

Bo = IBo .

µAAoBBo(πα
A ⊗π

αo

Ao ,π
β

B ⊗π
β o

Bo ) = Tr[ZAAoBBo(πα
A ⊗π

αo

Ao ⊗π
β

B ⊗π
β o

Bo )] (B.1)

Summing over α
o and β

o,

µAB(π
α
A ,π

β

B ) = Tr[WAB(π
α
A ⊗π

β

B )] = Tr[ZAAoBBo(πα
A ⊗ IAo ⊗π

β

B ⊗ IBo)] (B.2)

Where, we have used ∑αo,β o µAAoBBo(πα
A ⊗παo

Ao ,π
β

B ⊗π
β o

Bo )=∑αo,β o p(α,αo,β ,β o|MAAoMBBo)=

p(α,β |MAMB) = µAB(π
α
A ,π

β

B ). Since equation Eq. (B.2) is true for all POVMs πα
A

and π
β

B , we get,

TrAoBo(ZAAoBBo) =WAB (B.3)

If we sum over β and β o in Eq. (B.1), we get

µAAo(πα
A ,π

αo

Ao ) = Tr[TrBBo(ZAAoBBo)(πα
A ⊗π

αo

Ao )] (B.4)

TrBBo(ZAAoBBo) is a Positive Operator since ZAAoBBo must be a POPT in the AAo/BBo

cut. If we now sum Eq. (B.4) over α we end up with,

µAo(παo

Ao ) = Tr(ψAoπ
αo

Ao ) = Tr[TrBBo(ZAAoBBo)(IA ⊗π
αo

Ao )] (B.5)

where ψAo is the state given the Prover by the Verifier Alice. Since Eq. (B.5) is
true for all παo

Ao , we have,

TrA(TrBBo(ZAAoBBo)) = ψAo (B.6)

TrAo(TrBBo(ZAAoBBo)) = TrB(WAB) [From Eq. (B.3)] (B.7)

Along with the fact that TrBBo(ZAAoBBo) and TrB(WAB) are Positive operators, and
that ψAo is a pure quantum state, equations (B.6) and (B.7) imply,

TrBBo(ZAAoBBo) = TrB(WAB)⊗ψAo (B.8)
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A similar argument on Bob’s side yeilds,

TrAAo(ZAAoBBo) = TrA(WAB)⊗ψBo (B.9)

Note that it is essential for the states ψAo and ψBo to be pure in order for equations
(B.8) and (B.9) to hold. From equations (B.3), (B.8), and (B.9) we conclude that

ZAAoBBo = ψAo ⊗WAB ⊗ψBo

which is the required expression.
We mention here that ZAAoBBo is not always given by the tensor product of

individual states. The tensor product of a BQS and an entangled state may not
necessarily be a valid POPT, as we show below.

Proposition 7. [Barnum et al.; arXiv:quant-ph/0507108] For every BQS WA1···An ,
there exists an entangled state ρ

s1···sn
Ao

1···Ao
n

such that the tensor product state WA1···An ⊗
ρ

s1···sn
Ao

1···Ao
n

is not a POPT sate.

Proof. Given a BQS WA1···An, let χ
s1···sn
Ao

1···Ao
n

be the eigen-projector corresponding to
the negative eigenvalue in the spectral decomposition of WA1···An . From Eq. (D.4),
χT

A1···An
= ∑s1,··· ,sn βs1···sn

⊗n
i=1 ψ

si
Ai

. For the local measurements
{

P+
AiAo

i
, IAiAo

i
−P+

AiAo
i

}
defined in Theorem 2, the probability of the occurrence of outcome P+

A1Ao
1
⊗·· ·⊗

P+
AnAo

n
for the tensor product state WA1···An ⊗ (χs1···sn

Ao
1···Ao

n
)T is,

Tr
[(

P+
A1Ao

1
⊗·· ·⊗P+

AnAo
n

)(
WA1···An ⊗ (χs1···sn

Ao
1···Ao

n
)T
)]

= ∑
s1,··· ,sn

βs1···sn ×Tr
[(

P+
A1Ao

1
⊗·· ·⊗P+

AnAo
n

)(
WA1···An ⊗ψ

s1
Ao

1
⊗·· ·⊗ψ

sn
Ao

n

)]
(B.10)

< 0

The final inequality follows from the fact that Eq.(B.10) is the same as Eq.(C.1),
where it is shown that the RHS is negative. Since WA1···An ⊗ (χs1···sn

Ao
1···Ao

n
)T gives

negative probabilities upon local measurement, it is not a valid POPT state.
Therefore, (χs1···sn

Ao
1···Ao

n
)T is the required state ρ

s1···sn
Ao

1···Ao
n

for the proof of our Proposition.

The above result does not mean that the composition of an entangled state
and BQS is not defined. Rather, the result must be interpreted to mean that the
global state ZAAoBBo obtained by composing an entangled state ρAoBo and a BQS

https://arxiv.org/abs/quant-ph/0507108
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FIG. B.1 Tensoring of POPT states. W is the set of all POPT states, D is the set
of density operators, S is the set of separable states, and C is the set of
all classical-classical states having zero discord. While all the states in W
allow local quantum description, interesting scenarios arise when tensoring of
such states is considered [see Propositions (6) and (7)]. While Barnum et al.
considered the restricted scenario in which states were of the form w⊗ c with
w ∈ W and c ∈ C , we have considered more general states of the form w⊗φ

with w ∈ W and φ ∈ S .

WAB is not necessarily given by the tensor product of the individual states. We
refer to Proposition 6.2 of [129] for further details.



Appendix C

Proof of Theorem 9

Proof. This proof is a straightforward generalization of the proof of Theorem 1.
For every BQS WA1···An ∈ W (

⊗n
i=1 HAi) there exists an entangled state χA1···An ∈

D(
⊗n

i=1 HAi) such that Tr[WA1···An χA1···An]< 0, whereas Tr[σA1···An χA1···An]≥ 0, ∀ σA1···An ∈
D(
⊗n

i=1 HAi) [139]. The state allows non-unique decomposition of the form

χA1···An = ∑
s1,··· ,sn

βs1···sn

n⊗
i=1

ψ
si
Ai

T
, where ψ

si
Ai
∈ D(HAi) & βs1···sn ∈ R.

In the semiquantum game, referee sends the quantum inputs ψ
si
Ao

i
to the ith

party who has to produce binary outputs ∈ {0,1}. Their average payoff will be
calculated as

IGχ
sq

:= ∑
s1,··· ,sn

βs1···sn × p
(

1 · · ·1|ψs1
Ao

1
· · ·ψsN

Ao
n

)
.

Given the BQS WA1···An , the ith party performs the measurement
{

P+
AiAo

i
, IAiAo

i
−P+

AiAo
i

}
on her part of the shared BQS and the quantum input ψ

si
Ao

i
received from the

referee. Here P+
AiAo

i
:= |φ+⟩AiAo

i
⟨φ+| with |φ+⟩AiAo

i
:= 1√

dAi
∑

dAi−1
i=0 |ii⟩ and P+

AiAo
i

corre-

sponds to the output 1. The average payoff turns out to be,

IGχ
sq
(WA1···An) = ∑

s1,··· ,sn

βs1···sn ×Tr
[(

P+
A1Ao

1
⊗·· ·⊗P+

AnAo
n

)(
WA1···An ⊗ψ

s1
Ao

1
⊗·· ·⊗ψ

sn
Ao

n

)]
(C.1)

= ∑
s1,··· ,sn

βs1···sn ×Tr [(RA1 ⊗·· ·⊗RAn)WA1···An] ,
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where RAi is the effective POVM acting on the ith party’s part of WA1···An, and is
given by RAi := TrAo

i

[
P+

AiAo
i

(
IAi ⊗ψ

si
Ao

i

)]
= 1

dAi
ψ

si
Ai

T. Therefore, we have,

IGχ
sq
(WA1···An) =

n

∏
i=1

d−1
Ai ∑

s1,··· ,sn

βs1···sn ×Tr

[(
n⊗

i=1

ψ
si
Ai

T

)
WA1···An

]

=
n

∏
i=1

d−1
Ai

Tr

[(
∑

s1,··· ,sn

βs1···sn

n⊗
i=1

ψ
si
Ai

T

)
WA1···An

]

=
n

∏
i=1

d−1
Ai

Tr [χA1···AnWA1···An]< 0.

We will now calculate the payoff for an arbitrary quantum strategy. Given a
quantum state ρA1···AN let the ith party perform the measurement MAiAo

i
≡ {π

ai
AiAo

i
}

on her respective joint system, where ai ∈ {0,1}. The average payoff turns out to
be

IGχ
sq
(ρA1···An) = ∑

s1,··· ,sn

βs1···sn ×Tr
[(

π
1
A1Ao

1
⊗·· ·⊗π

1
AnAo

n

)(
ρA1···An ⊗ψ

s1
Ao

1
⊗·· ·⊗ψ

sn
Ao

n

)]
= ∑

s1,··· ,sn

βs1···sn ×Tr

[
RAo

1···Ao
n

(
n⊗

i=1

ψ
si
Ao

i

)]
,

where, RAo
1···Ao

n
:=TrA1···An

[(
π1

A1Ao
1
⊗·· ·⊗π1

AnAo
n

)(
ρA1···An ⊗ IAo

1···Ao
n

)]
is a positive semidef-

inite operator, i.e. RAo
1···Ao

n
∈ E

(⊗n
i=1 HAo

i

)
. Linearity of trace further yields,

IGχ
sq
(ρA1···AN ) = Tr

[
RAo

1···Ao
n

(
∑

s1,··· ,sn

βs1···sN

n⊗
i=1

ψ
si
Ao

i

)]
= Tr

[
RAo

1···Ao
n

χ
T
Ao

1···Ao
n

]
≥ 0. (C.2)

The last inequality follows from the fact that χT
Ao

1···Ao
n
∈ D

(⊗n
i=1 HAo

i

)
, and this

completes the proof.
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Explicit construction of semiquantum
game

Special case: Here we first construct a semiquantum game for the BQSs of
form Wp := pΓ[|φ+⟩⟨φ+|]+(1− p)I/4. Clearly Wp corresponds to a BQS if and only
if 1/3 < p ≤ 1. The entangled state |ψ−⟩ = (|01⟩− |10⟩)/

√
2 ∈ C2 ⊗C2 acts as a

(beyond quantum) witness for this class of states. This evidently follows from
the expression:

Wp =
p
2
[
|0⟩⟨0|⊗ |0⟩⟨0|+ |1⟩⟨1|⊗ |1⟩⟨1|+ |ψ+⟩⟨ψ+|− |ψ−⟩⟨ψ−|

]
+

1− p
4

I. (D.1)

Now the state |ψ−⟩ allows the following decomposition:

|ψ−⟩⟨ψ−|= 1
2

[
PT

z PT
z̄ +PT

z̄ PT
z − 1

2
(
PT

x PT
x −PT

x̄ PT
x −PT

x PT
x̄ +PT

x̄ PT
x̄

+PT
y PT

y −PT
ȳ PT

y −PT
y PT

ȳ +PT
ȳ PT

ȳ
)]

; (D.2)

where, PiPj := Pi ⊗Pj with Pi being the projector onto the up eigenstate of σi

for i ∈ {x,y,z} and it is the projector onto the down eigenstate for i ∈ {x̄, ȳ, z̄}.
This immediately leads us to the required semiquantum game Gsq. In each
run of the game, referee randomly choose the states ψs

Ao = Ps and ψ t
Bo = Pt and

respectively sends them to Alice and Bob without revealing the indices s and t,
where s, t ∈ {x,y,z, x̄, ȳ, z̄}. Alice and Bob needs to return classical output 1 to the
referee and the average payoff will be calculated as IGsq := ∑s,t βs,t p(11|ψs

Aoψ t
Bo),
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where

βx,x = βx̄,x̄ = βy,y = βȳ,ȳ =−βx̄,x =−βx,x̄ =−βȳ,y =−βy,ȳ =
1
4
,

βz,z̄ = βz̄,z =
1
2

and βs,t = 0 otherwise.

The winning condition demands Alice and Bob to generate a negative payoff.
If Alice performs the measurement {P+

AAo,IAAo −P+
AAo} on her part of the shared

state Wp>1/3 and the quantum input ψs
Ao received from the referee and if Bob also

performs the same measurement {P+
BBo,IBBo −P+

BBo} and send the outcome 1 when
the projector P+

AAo/P+
BBo click, then we have

IGsq (Wp) =
1

dBdA
Tr [χABWp] =

1
4

Tr
[
|ψ−⟩⟨ψ−|Wp

]
=

1−3p
16

< 0 whenever p > 1/3.

On the other hand, for every quantum strategy IGsq(ρ)≥ 0. It should be noted
that the decomposition in Eq.(D.2) is not a unique. Considering a different
decomposition it is possible to come up with a different semiquantum game. For
instance, one has |ψ−⟩⟨ψ−|= ∑

4
a,b=1 βabψa ⊗ψb where {βab} written in a matrix

form are given by

[βab] :=


−15/64 17/64 1/2 −1/32

17/64 −15/64 1/2 −1/32
1/2 1/2 −1 0

−1/32 −1/32 0 1/16

 ,

and ψ1 := Pz, ψ2 := Pz̄, ψ3 := Px and ψ4 := Py.
General Case: We now provide an explicit procedure to construct a semi-

quantum game for any BQS WA1···An ∈ W (⊗iHAi).
First note that for a d-dimensional Hilbert space Cd given an orthonormal

basis {|a⟩}d−1
a=0 ⊂ Cd, one can construct a non-orthogonal operator basis (Bpro j) of

Projectors from the orthogonal operator (computational) basis (Bcomp) as follows:

L
(
Cd
)
⊃ Bcomp := {|a⟩⟨b|}d−1

a,b=0 ;

L
(
Cd
)
⊃ Bpro j := {|a⟩⟨a|} d−1

a=0

⋃
{Pa,b

1 ,Pa,b
2 }d−1

a,b=0, a < b;

where Pa,b
1 := 1

2 (|a⟩⟨a|+ |b⟩⟨b|+ |a⟩⟨b|+ |b⟩⟨a|) , & Pa,b
2 := 1

2 (|a⟩⟨a|+ |b⟩⟨b|+ i|a⟩⟨b|− i|b⟩⟨a|).
Notice that Bpro j has d2 linearly independent projectors with d number of them
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common to Bcomp. If an operator is known in the Bcomp basis then it can be easily
written in the Bpro j basis by making the following substitution:

|a⟩⟨b|=


Pa,b

1 − iPa,b
2 − 1−i

2 |a⟩⟨a|− 1−i
2 |b⟩⟨b|, a < b;

Pb,a
1 + iPb,a

2 − 1+i
2 |a⟩⟨a|− 1+i

2 |b⟩⟨b|, b < a.

(D.3)

Now, given an arbitrary beyond quantum state WA1···An, a semi quantum game
can be constructed by mimicking the following steps:

S1: Write down the spectral decomposition of WA1···An. Hermiticity of WA1···An

guarantees that the eigenvalues are real. Since WA1···An is a BQS, it has
least one negative eigenvalue with entangled eigen-projector. Let the eigen-
projector corresponding to a negative eigenvalue (λ < 0) be χA1···An . Clearly,

Tr[WA1···An χA1···An] = λ < 0,

Tr[σA1···An χA1···An]≥ 0, ∀ σA1···An ∈ D(
n⊗

i=1

HAi).

S2: Expand χA1···An in the computational basis:

χA1···An = ∑
a1

i ,··· ,an
i ,a

1
j ,··· ,an

j

αa1
i ···an

i a1
j ···an

j
|a1

i ⟩A1
⟨a1

j |⊗ · · ·⊗ |an
i ⟩An

⟨an
j | .

Using Eq. (D.3) we can write this as,

χA1···An = ∑
s1,··· ,sn

βs1···sn

n⊗
i=1

φ
si
Ai
,

where, φ
si
Ai
∈ Bpro j

Ai
. Since χA1···An is Hermitian and φ

si
Ai

are linearly indepen-
dent, all the βs1···sn are real. Let ψ

si
Ai
≡ φ

si
Ai

T, where the transpose is taken in
the computational basis.

χA1···An = ∑
s1,··· ,sn

βs1···sn

n⊗
i=1

(ψsi
Ai
)T (D.4)

In the semiquantum game, the referee gives one of the pure states ψ
si
Ao

i
∈

Bpro j T

Ao
i

to the ith party in each run (See the proof of Theorem 2 ).





Appendix E

Necessity of non-orthogonal inputs in
Theorem 8 and Theorem 9

In this section, we will discuss the necessity of the non-orthogonal quantum
inputs in the game Gsq used in Theorem 1 and Theorem 2. While paying the
game Gsq, let the ith party get the quantum input ψ

si
Ao

i
∈ D(HAo

i
) and perform

some joint measurement MAo
i Ai ≡ {π

ai
Ao

i Ai
}, where ai is the outcome corresponding

to the POVM element π
ai
Ao

i Ai
. For the BQS WA1···An , the joint probabilities are given

by

p(a1, · · · ,an|ψs1
Ao

1
, · · · ,ψsn

Ao
n
) = Tr

[⊗
i

π
ai
Ao

i Ai

(⊗
i

ψ
si
Ao

i
⊗WA1···An

)]

≡ Tr

[(⊗
i

Qai
Ai
[si]

)
WA1···An

]
, (E.1)

where, Qai
Ai
[si] := TrAo

i

[
π

ai
AiAo

i
(IAi ⊗ψ

si
Ao

i
)
]
∈ E (HAi) effectively acts on Ai subsystem

of the shared state WA1···An when the quantum input ψ
si
Ao

i
is given by the referee.

Since ∑ai π
ai
AiAo

i
= IAiAo

i
, we have,

∑
ai

Qai
Ai
[si] = TrAo

i

[(
∑
ai

π
ai
AiAo

i

)(
IAi ⊗ψ

si
Ao

i

)]
= TrAo

i

[
IAi ⊗ψ

si
Ao

i

]
= IAi. (E.2)

Therefore, Msi
Ai
≡
{

Qai
Ai
[si]
}

is the effective measurement performed by the Ath
i

party on the shared state WA1···An when the quantum input ψ
si
Ao

i
is received by the

ith party.
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Let us now assume that the BQS is of the following form

WA1···An = ∑
k

pk

(
Λ

k
A1
⊗·· ·⊗Λ

k
An

)
ρ

k (E.3)

where, ρk ∈ D(⊗iHAi), Λk
i are positive trace-preserving maps, and {pk} is a

probability distribution. In this case we have,

p
(

a1, · · · ,an|ψs1
Ao

1
, · · · ,ψsn

Ao
n

)
= Tr

[(⊗
i

Qai
Ai
[si]

)
∑
k

pk

(⊗
i

Λ
k
Ai

)
ρ

k

]

= ∑
k

pk Tr

[(⊗
i

Qai
Ai
[si]

)(⊗
i

Λ
k
Ai

)
ρ

k

]

= ∑
k

pk Tr

[{⊗
i

Λ
∗k
Ai

(
Qai

Ai
[si]
)}

ρ
k

]

= ∑
k

pk Tr

[(⊗
i

Q̃ai
Ai
[si]

)
ρ

k

]
, (E.4)

where Λ∗ is the adjoint map of Λ, i.e. Tr[UΛ(V )] = Tr[Λ∗(U)V ] for all Hermitial
matrices U and V . Clearly M̃si

Ai
≡ {Q̃ai

Ai
[si]} is a valid quantum measurement since

the dual of a positive trace-preserving map is positive and unital. Therefore, for
the class of BQSs given by Eq.(E.3), whenever the input states are orthogonal,
the correlations generated by the BQS can by simulated quantum mechanically
as follows:
The ith party first performs a measurement to identify the index ‘si’ of the
given quantum state ψ

si
Ao

i
and then performs the measurement M̃si

Ai
≡ {Q̃ai

Ai
[si]} on

her part of the multipartite quantum state ρk. This generates the correlation
p(a1, · · · ,an|ψs1

Ao
1
, · · · ,ψsn

Ao
n
) which was obtained by performing the local measure-

ments MAo
i Ai ≡ {π

ai
Ao

i Ai
} on

⊗
i ψ

si
Ao

i
⊗WA1···An. Note that if the inputs are orthogonal

then the index ‘si’ can be identified unambiguously. Therefore, when the BQSs are
of the form (E.3), non-orthogonal inputs are necessary to obtain the advantage
of BQS over quantum states. This reproduces the results in [115, 130].
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